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Abstract. We presert principles for guessingclubs in the generalized club Iter on
P . These principles are showvn to be weaker than classical diamond principles but often
serve as su cien t substitutes. One application is a new construction of a * -Suslin-tree
using assumptions dierent from previous constructions. The other application partly
solves@)open problems regarding the co nalit y of re ection points for stationary subsets
of [ 1®.

1. Intro duction. Club guessingprinciples have beenstudied intensely
in the literature, a major sourcebeing [10]. But in all of these references,
the guessingsequencesnticipate clubs of ordinals. The purp oseof this note
is to introduce principles that guessclubs in the generalizedclub Iter on
P . Throughout the whole paper, the notion of a club always refersto the
club lter that is generatedby the sets

G =fx2P :xisclosedunderf g;

wheref : < | . Some referencesrefer to this as \strongly club" as
opposedto \Jech clubs" which are unbounded sets that are closedunder
chains of length lessthan . We generally prefer to write [ 1= for P . We
will also make the implicit assumptionthat and are regular cardinals
and usually

Section 2 of this article contains the de nition of and basic facts about
f , the newly introduced principle. We show in Section 3 that the guessing
of clubsin the generalizedclub Iter is afairly weakassumptionif the guess-
ing attempts are on ordinals of small co nalit y. For example,2 = * would
suce to guarantee a variety of guessingprinciples for clubsin [ ] . In
Section 4 we give an independenceresult using iterated forcing to demon-
strate that even full GCH doesnot imply f if the guessingattempts are
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made on ordinals of maximal co nalit y. The last two sectionsdeal with ap-
plications: in Section 5, a *-Suslin-tree is constructed from GCH and a
club guessingprinciple on ordinals of maximal co nalit y. This is related to
the old problem if GCH always constructs a Suslin tree on successorsof
regular cardinals. Finally, in Section 6 we show that guessingon ordinals of
conality ! canbe usedto thin out stationary subsetsof [! ,]® and thereby
remove all possiblere ection points with countable co nalit y but preserving
stationarity of the original set. Problems regarding the co nalit y of re ec-
tion points for stationary subsetsof [ ]@ have frequertly beenasked in the
literature.

As additional guidelinesfor generalsettheory, we recommendthe sources
[6] and [8]. For more information about issuesrelated to proper forcing and
iterations, we suggest[11].

2. The principle. The following de nition seemsto be in the spirit of
guessingclubs in the generalizedclub Iter on|[ ] .

1. Definition. LetE bestationary. Thenf (; E) isthe statement
that there is a sequencehF : 2 Ei suc that

(1) F isclubin[]° forall inE,

(2) for all clubs D [ I° thereis aclub C sud that for all
2C\ E wehaveF D.
In (2), A B meansthat there is x 2 A of sizelessthan sud that

X y2A impliesy 2 B for all y.

We alsosay that hF : 2 Ei is tail club guessing De ning A B like
this seemsto be the right notion for saying that \a tail of A is included
in B" in the context of subsetsof [ ]* . The cardinal is supposedto be
clear from the cortext whenewer we use this notation. Note that our new
statemert canbeviewedasa} spin-o (). We will showv that f (; E) is
strictly weaker than } (E). The following facts help determining the status
off (; E):

2. Lemma. Let E ke stationary.
(1) } (E) impliesf (; E) for all
(2) f (; E) is preservel by ™ -cc forcings for any <

Proof. For (1), let } (E) guessall functions f : <t I via a se-
quencehS : 2 Ei. Then eath S consistsof fewer than -many functions

M IFE then } (E) meansthat there is a sequencehS : 2 Ei wherejS | jj
and such that for every S there isaclub C such that for all 2 C\ E we have
S\ 2 S . Standard arguments show that } ( ) holds in the constructible universeif
and only if is not ine able in L [1, p. 328].
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f :< 1 ( <jj) that areguessingeahh f : < !  club many times.
Now for eah 2 E nd aclubF in[]° sud that y is closedunder f
whenewr 2y 2 F . One easily cheds that this su ces.

(2) follows easily from the following fact:

2.1. Claim. If D [ ]° isaclubin some *-ccextension then there
is a club Dg D in the ground maodel.

Proof of Claim 2.1. Let D-be a namefor aclubin [ ] inthe *-cc
extension. Then

Do=fx2[]° : x2Dg

is a club in V. Straightforward argumerts will show that Dg D is wit-
nessedby . =

This completesthe proof of Lemma 2. =

Notice nally that both principlesf (; E) and} (E) increasein logical
strength as E gets bigger.

3. Small conalit y. Letusdenotethesetf 2[; *):! «cf( )< ¢
by S=, . The next theorem shavs that f (; S, ) is pretty weak in logical
strength. When comparedto Lemma 2(1), the assumptionsneededhere are
far wealer than the previous} (S<,).

3. Theorem. Let . The following are equivalent (?):
i f (;S%)
(i) ThereisaclubF [ *]° suchthat for everyclubD [ *]°
there is a club C * suchthat for all 2 C\ S<, we have
FA\[T® D.

(iii) There is a collection of *-many clubsin [ ]° whichis conal in
the  -ordering.

Considering(ii), it is aninteresting fact that the witnessfor the principle
f (; S%. ) canactually be takento be a singleclub F in [ *]° . We still
choseto formulate f (; S<, ) in the way given above becauseit is more in
the style of classicalguessingprinciples.

Proof of Theorem 3. It is straightforward to ched that (ii) implies (i),
sowe shaw (i) ) (ii). To this end, supposethat C ( < *)isa -conal
collection of clubson[ ] . Foreach 2 [; *) x abijectiong : !
and let

g ([ ! IF

(?) The global assumption that is regular is actually not necessaryfor this particular
theorem.
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+

be the induced bijection. If < and < *,thenwesetC =
g "C.Onecheksthat C ( < *)is -conal inthe clubson[ ]* for
eahh 2[; *). Now x abijectiong:[; *) *! * andlet
Fo:)=fx2[*]F :x\ 2Cg
foreah(; )2[; *) *.NotethatF isclubin[ *]° foreahh < *.
De ne
F= 4 F =fx2[ "] :8 2x(x2F)g:

< +

Clearly, F is a club subsetof [ *]° . We shaw that this F works: let D be
any club subsetof [ *]° andletf :<* * 1 * generateD. Then set

D=f 2[; *): isclosedunderfg:

Note that D is a club subsetof *. For eaqh 2 D there exists an h( )

suc that q( ) D\ [ I . Let D%be the set of ordinals which are closed
under both g and h and set D= S<, \ D°\ limD. Note that D%is a
relative club subsetof S<, . For eath 2 D%there is an increasingsequence
i (i < cf()) of elemerts of D corvergingto . For ead i < cf( ) pick an
Xi 2 [ i which Witnesseani( N D\ [{]° ,ie.x; y2 Cni( 9 implies
y 2 D. Now let [
X = i [ faCi;h(i)9);

i< cf( )
andnotethat x 2 [ ]° . Whenewerx y2 F\ []° then weinfer for eah
i<cf()that y2 Fy,.nc;y andthusy\ ;2 q( " But sincex; y\
we deducethat y\ ; isin D and therefore closedunder f . Then clearly, y
is closedunder f . This shavsthat F \ [ |° D witnessedby x.

Regarding (i)) (iii), let hF : 2 Ei beaf (; S< )-sequenceand, for
eahh 2 S, x an increasing ladder sequence ; (i < cf( )) sud that

0. We may assumewithout restriction that all x 2 F are closedunder

the bijections g, : ! (i 2 x) usedabove. Now de ne a sequenceof
clubsin [ = by letting

C=1fx\ :x2Fg
forall 2 S=, .
3.1. Claim. C ( 2S5 )is -conal in theclubson[ ]° .
Proof of Claim 3.1. If C [ ]® isclub, de ne
(3.1) D=fy2[ "] :y\ 2Cg
Then nd 2 S%, sud that F D witnessedby someb2 [ ]* , i.e.
(3.2) 8 b x2F impliesx 2 D:
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Now set

(3.3) a=f ;:i<cf()g[ [ g t"(b\ ):
i< cf( )

We claim that C C is witnessedby a. So assumethereisan x 2 F

sudh that a x\ . Then x is closedunder the relevant bijections g, for
alli < cf( ), henceb x. By (3.2), x isin D and thereforex\ 2 C. This
suces. =

By Claim 3.1, we have found a collection of size * of clubsin [ ]° that
isconal in the -ordering. This nishes the proof of Theorem 3.

We remark that the simple cardinal arithmetic 2 = * implies that
there are *-many clubsin [ ]° , and the collection of all these generates
the club lter and is therefore co nal in the  -ordering. It will be shovn
in the next section of this article that tail club guessingprinciples de ned
on ordinals of higher co nalit y are considerably stronger than that.

As to the possible failure of f (; S<.), if is regular one can add

** -many Cohen-subsetsof to create a model in which the equivalert
statemerts (i){(iii) of Lemma 3 are false. We leave the details to the inter-
estedreader.

4, Maximal conalit y. We assumeGCH throughout this sectionand
remenberthat and arealways assumedo beregular. Similar to previous
notation, we denotethe setf < * :cf( )= ghby S..We want to
investigate the status of f (; S .): it will be shown that f (; S.) does
not follow from GCH which meansthat it is much strongerthan f (; S=,)
and cannot be characterized analogouslyto Theorem 3.

LethF : 2S.ibeaf (;S.)-sequenceThen de ne a forcing Qf
in the following way: conditions are functions f : < 1 where < *
is such that forall 2 S, \ ( + 1) we have F G, where G is the
club generatedby f . The ordering on Qf is reverseinclusion. Notice that a
straightforward argumert showsthat every condition in Qr canbeextended
to have arbitrarily large domain.

4. Lemma. Qr is -closed and * -distributive.

Proof. The -closureshould be clear, and to shov ™ -distributivit y, let
_beanamefor a -sequencefordinals, g an arbitrary condition in Qg , and
M anelemernary substructure of H for somesu cien tly largeregular sud
that jMj= with F;g; _2M, M M,and =M\ *2S.. Fixa
sequencen; i< isuchthat { % andlet x; (i < ) beanenumeration
of [ I . Now build a descendingsequenceof conditions H; : i < i of
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M\ Qg with fg gsud that foralli< ,

(1) < dom(f;),
(2) f; decidesthe value of _at i,
(3) thereisx; y 2 F sud that y is not closedunder f;.

This co%struction canbe carried out, in particular sinceQg is -closed.Now
let p= . fi. Note that dom(p) = < by (1). But then p is a condition
below g by (3) and decides by (2). =

Given Lemma 4 and the remark before this lemma, it follows that a
generic lter G Qg addsaclub Dg [ *]° whoseexistencedestroys
the tail club guessingpropertiesof hF : 2 S ,i. The rest of the section
dependsheavily on iteration lemmasfrom [13], so we would like to remind
the reader of somede nitions from that paper.

5. Definition. If S S . is stationary then a substructure M H
of size will be called S-good whenever M\  * 2 S and M s closedunder
sequence®flength lessthan . A -closedforcing notion Q is called strongly
S-complete if for all but non-stationarily many S-good structures M, every
(M ; Q)-generic sequenceof conditions hg : < i hasa lower bound in Q.

We chosenot to reproduce Shelah's notions in the most general form.
Our preseriation here is basically a special caseof the macdinery in [13].
The sameholds for future de nitions.

6. Lemma. Strongly S-complete forcings are * -distributive and pre-
servestationary subsetsof S. =

7. Remark. Let E S ., bestationary. The posetQr (E) is as above
but with the wealkenedrequiremert that only forall 2 E\ ( + 1) we have
F G . Then Qg (E) is again -closedand * -distributiv e. Moreover, if
welet S= S, nE then Qg (E) is strongly S-complete.

Proof. The proof for -closureand * -distributivit y is asbeforein Lem-
ma 4. Sowe only have to shaw that Qg (E) is strongly S-complete. To this
end,let N H bean S-good elemertary substructure of size suc that

=N\ *2 S§lnd let hp; ;i < i bea Qg (E)-generic sequenceover N .
Wedene p = . pi. Then p is clearly a condition in Qf (E) since S
and E are disjoint and therefore 2 E.

8. Definition.  Let beasucien tly large regular cardinal. A cortin-

uous increasingsequencgN; : i ) is called S-suitableif for all i
(1) N; H isofsize ,
(2) (N : i) 2 Nj4q fori< |

and there is a club X such that for all i 2 X,
(3) Nj+1 is S-good.
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9. Definition. A forcing notion Q is really S-completeif it is

(1) -closed,
(2) strongly S-complete, and
(3) wheneverN = (N;j :i ) is S-suitable witnessedby the club X

andr 2 Ng\ Q then INC(omplete) doesnot have a winning strategy
in the following game G(N; X ;r) of length

COM  o;po - i Pi
INC To T T

wherefor all i < ,

(@ i2Xand < jforalli<j,

() pi2N 1\ Q,

©a=(@(): < ) N;«a\ QisQ-genericover N .1,

(d) T 2N .2,

@er p G(),

(f) g() pforal < andi<j.

The player COM(plete) wins the play of the gamei the sequence
(pi ;1 < ) hasalower boundin Q.

10. Remark.

(i) Recalling the de nitions above, we seethat the sequenceg, played
by INC will, modulo club, always have a lower bound in Q. This is
becauseQ is strongly S-complete, the sequencey; is Q-genericover
N ,+1,and N 41 is S-good.

(i) Standard argumerts shaw that really S-complete forcings presene
all stationary subsetsof *.

The following theorem is one of the crucial iteration lemmasof [13] that
will be usedin the proof of Theorem 13.

11. Theorem. Let HP;;®; :i < i bea -support iteration such that
for eachi <
p. \®; is really S-complete:

Then the forcing notion P is really S-complete. m

12. Lemma. SupwpseE S, and S= S . nE are stationary. Then
Qr (E) is really S-complete.

Proof. We already showved in Remark 7 that Qr(E) is -closedand
strongly S-complete. Sowe are left with shawing (3) of De nition 9. To this
end, let (N; :i ) be an S-suitable sequencevitnessedby the club X
andletr 2 Ng\ Q. We actually describe a winning strategy for player COM
in the gameG(N; X;r).
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We have no problem unless = N \ * 2 E. The following argumert is
similar to the proof of Lemma 4: player COM createshis strategy by xing
an enumeration x; (i < ) of [ ]* . At stagei < , he picks ; 2 X above
all 's played sofar with the additional requiremerts that thereisy 2 F
such that x; vy and [

4.1 y* N 41

<i
Then COM extendsall conditions played sofar to a p; suc that
(4.2) pi \y is not closedunder the genericG".

The requiremert (4.1) guarantees that this can be carried out. But now
(pi :1 < ) hasalowerboundin Q sincewe stipulated (4.2) for unboundedly
many y's. =

13. Theorem. GCH dcesnot imply f (; S, ) for any @ <

Proof. Start with amodelof GCH and x two stationary setsg;S S .,
such that E\ S= ;. Now de ne a -support iteration of length ** . In eadh
stepi < **, weforcewith ©i(E) to dealwith a guessingsequenceof the
formFi = hF' : 2 S .i that is givento us by a book-keepingdevice.Note
that this will destroy the guessingproperties of hF' : 2 S . i. Remenber

alsothat eah ©ri(E) is forced to be really S-complete by Lemma 12. We
have thus de ned a -support iteration of the form
WP;©ri(E):i< i

so by Theorem 11 we concludethat P = P .. is really S-complete. If we
consult Lemma 6 and Remark 10(ii), this is enoughto make surethat P is

* -distributiv e and that all stationary subsetsof * are presened. Finally,
P hasthe ** -chain condition by the standard line of reasoningusing the
fact that ewery iterand hassize  *. The ** -chain condition ensures,as
in standard argumerts, that every sequencenF : 2 S ,i appearsat some
initial step of the iteration, sothat every potential sequencds nally taken
care of. With the properties just mertioned, it is also easyto seethat P
presenes GCH. This nishes the proof. a

The authors do not know if GCH is consistert with the failure of f (; S)
for every stationary S S . sincethe methods preseried here cannot settle
this question. It is conjectured though that the older (and more involved)
Shelahtechniques of [14] can be applied to shaw that the above is actually
consistert.

5. Suslin trees. Let usturn to applications of the club guessingprin-
ciples preserted above. We give an interesting application of f -sequences
de ned on the set S .. The following theorem of Shelah from [10, p. 126]
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is needed,where nacqA) is the set of all non-accunulation points of A, i.e.
the set A nlim(A).

14. Theorem. Assumethat is regular uncountable. There exists a
sguene (C : 2 S) suchthat

(1) S S . is stationary,

(2) C is a club of order-type

(3) nacc€C ) S.,

4) if D * is clubthen thereis 2 S suchthat

sup(D\ nacdC )) = : =

The application we presert is the construction of a *-Suslin tree from
GCH and f (; S .). Note that the consistencyof GCH + \no ! ,-Suslin
trees" is still an open question. The following construction originally raised
hopesthat GCH actually doesimply the existenceof an! ,-Suslin tree. But
in light of Theorem 13, this old question is now more open than ewer. It
should be mentioned that Jensen[7] wasthe rst to construct a *-Suslin
tree in a similar fashion but using stronger square and guessingprinciples
in the constructible universe.

15. Theorem. If s regular uncountablethen
2 = +2="14+1f(;S.)
implies the existen® of a -closal *-Suslin tree.

Proof. Fix enumerationsP( )=fW g . + forall < * andthen de-
ne Wy = fW goax.Let(C : 2 S)beasin Theorem 14, wherewe eru-
merate C =f g« in increasingorder. Furthermore, takehF . 2 S .i
to bef (; S.)-guessing.Remenberthat F isclubin[]° ,soF hasa

-co nal subfamily G = fG : < g sud that

G 2[]° foral <
the sequencgG : < ) iscontinuously ( -increasing,
126G

Now construct a binary *-tree T by induction on the levels sothat the
following holds for every < *:

(5.1) For every x 2 T« thereisy 2 T sud that x <t y;

and simultaneously carry along an enumeration of T in the usual way. To
start, let To = . OnceT s constructed, let every x 2 T have exactly
two successorsat level + 1.1f cf( ) < then T extendsall branches
through T< , andif 2 S, nS then choose any normal extension T

of size . If 2 S then for any x 2 T« we will construct a branch by
through x and conal in T< : rst pick ¢ < sud that  is larger
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than the height of x, and pick x , 2 T . above x. Now by induction on

2 [o; ) wewill construct x 2 T asfollows:if x is constructed, then
pickx +1 2 T ,, abovex sothat the branch determinedby x .1 intersects
with all A 2 WG 11 that are maximal antichains in T< ., - Note that this
is possiblebecause +; hasconality and we are diagonalizing through
fewer than -many antichains. If < isalimit, then let x bethe limit of
fx g, < inT< .Atthe endofthe day, let b, bethe -branch determined
by the sequencex i , < . S

Now let T =fb:x2T< gand T = _ . T . Note that by an easy

inductiv e argumert, (5.1) wasacdhieved at all levels. The following claim will
nish the proof.

15.1. Claim. T hasno antichains of size .

Proof of Claim 15.1. Assumethat A is a maximal antichain of size *
and let the function f : * ! * bedenedbyf( )= i A\ =W .
Then de ne the club

D=f < ":A\ isamaximal antichainin T< and T« = g

Now we can useboth guessingsequencesimultaneouslyto nd 2 S sud
that

(5.2) sup(D \ nacqC)) = ;
(5.3) ead setin atail of G is closedunderf .

If b2 T then by construction there is x 2 T« sud that b= by. In view
of (5.2) and (5.3), thereis < sud that

ht(x) < 41,
+1 2 Dl
G "' is closedunder f .

This means,again by construction, that b\ A\ 4, 6 ;, since
A\ 412 WG b
as .1 2G ™ andG " isclosedunderf . Sob,\ A 6 :, which shaws that
Aissealedo at .=
This completesthe proof of Theorem 15. »
6. Stationary re ection. We would like to shift the attention to the
following question which was asked in [2], [3], [4], and other placesin the

literature. This question hasbeenformulated in various ways, but the basic
problem reads:
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16. Question. Are the following equivalent for a regular ?

Every stationary E [ ]@ re ectsto a setX of size @ containing all
countable ordinals (3).

Every stationary E [ ]® re ectsto a setX of size @ containing all
countable ordinals with the additional property that cf(otp X) = ! 1.

Using the principle f (@;S'), we can now shednew light on this ques-
tion even though the most general caseseemsto be still open. Remenber
that S' denotesthe collection of all ! -co nal ordinals below the cardinal

17. Definition.  If B [ ]® and x 2 [ ]@ then we de ne
B(x)=fy2B:x yg;

the set of all supersetsof x in B. Furthermore, the union of all supersetsof
X in B, i.e.

[
B(x)= fy2B:x yg;
is said to be the B-coverage of x.
We needthe following sequenceof lemmas.

18. Lemma. If B [ ]@ thenwe can partition B into two setsB© and
B suchthat

(1) BO© hasno ( -increasing chains of length ! 1,
(2) everyx 2 B® hasuncountable B® -coverge.

Proof. Given B [ 1@, we iteratively remove all setswith courtable
coverage,i.e. de ne

Bo = B;
B 1 f\x 2 B :x hasuncountable B -coveragey;
B B if islimit.

<
There must be an ordinal 1 sudc that B; = B; +1. Then set
B =B, and B@ =pBnBW:

Clearly, every menber of B® hasuncourtable B® -coveragebecauseB; =
B:1 +1. On the other hand it is straightforward to ched that, by construction
of the B 's, B(Y doesnot cortain any ( -increasingchains of length ! 1. =

19. Lemma. Supmse B [ 1@ for someregular and x ( < )
is a (possibly incomplete) list of memlers of B. For each < |, assume

(®) Following [3], we say for short that E re ects to X..
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that A isa -conal subsetof B(x ) that does not contain any contin-
uous, increasing ( -chains of length ! + 1. Dene a sequene A° ( < )
inductively:

AP=fy2A :8 < 8x2A°y* xandx* yg

S
Then A°= ~ _ AC s conal in
increasing ( -chain of length ! + 1.

- B(x ) and contains no continuous,

Proof. The proof is by induction on . To ched co nality, consideran
x 2 B(x ) forsome < .SinceA is -conal in B(x ), we may assume
that x 2 A . Without lossof generality, x 2 A° and x is not contained in
any member of ~ _ A9, Sothere must bean a2 A° for some < sud
glat a x. But note that by induction hypothesis, . A%is -conal in

< AS Note alsothat A \ B(a) is -conal in B(a). Thus, there must
bey2 = _ Alsudthat x .

The lack of cortinuous, increasing ( -chains of length ! + 1 in A9 fol-

lows by construction, using the fact that no individual A cortains sud a
sequences

20. Lemma. Assume CH and 1 n<1:1LetB [1 1]@ be such
that every memler of B has uncountable B-coverage. Then thereis A B
whichis -conal in B but contains no continuous, increasing ( -sequen@
of length! + 1.

Proof. We argue by induction on n. The following claim is crucial.

20.1. Claim. Assumethat everyy 2 B(x) has B-coverage of cardinal-
ity ! n. Then there is A(x) whichis -conal in B(x) suchthat A(x) does
not contain any continuous, increasing ( -chains of length! + 1.

Proof of Claim 20.1. Enumerate B(x) = fx : < !,g; this usesCH.
Foread <!, choosey 2 B(x ) s[um that
y * Yy
<
or in other words, every y cortains a brand new ordinal. Then the set

A(x) = fy : < 1,0 cortains no cortinuous, increasing ( -chains of
length! + 1. =

Sowe have two casesin which we can thin out a setB(x) to a -co nal
A(X) which cortains no cortinuous, increasing( -chains of length ! + 1.

Case 1: If ewvery supersetof x in B has B-coverage of cardinality ! ,
this is by Claim 20.1.

Case 2: If x has B-coverage of cardinality lessthan ! ,, this is by in-
duction hypothesis.
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It is straightforward to ched that the set of x 2 B satisfying Case 1
or Case2is -conal in B. Sowe have a situation that allows us to apply
Lemma 19. This nishes the proof of Lemma 20. =

21. Lemma. AssumeCH and 1 n < !. Then for every B [l ,]®
thereisan A B suchthat A is -conal in B and A doesnot re ect to
any set of size @.

Proof. First partition B into two piecesasin Lemma 18. Then apply
Lemma 20 to the pieceB® to getan AW B® Now BO [ A® will do
the job. =

22. Theorem. AssumeCH andf (@;Sj ) for some2 n<!.Then
every stationary B [l ,]® can be re ned to a stationary A B with the
property that fx 2 A : sup(x) = g doesnot re ect to a set of size @ for
al 28 .

@

Proof. Let F [l ,]® be as stated in Theorem 3(ii). We may assume
that every elemen of F has limit order type and therefore a suprenmum
in Si,. Foreah 2 Sg,letF =fx2F :supx)= g IfB [ ,]®
is stationary, we may also assumethat B F. For every 2 S’@, apply
Lemma2lto nd a -conal A B\ F sudthat A doesnot re ect to
any setof size@. Let [

A= A
254,

It suces to show that A is stationary, sopick aclub D [l ,]®. We may
assumethat D F. Let D bethe setof x 2 [! ,]® containing increasing
ordinals h  :i < !'i such that
SUp | = SUpX,
D\ [i]®isclubin[ {]® foreahi<!,
ewvery elemen of F\ [ {]® cortaining x\ ; isin D.
It is easyto seethat D is club. Now pick x 2 B\ D and let supx =

Thenx 2 B\ F , andthusthereisy 2 A containing x. By the de nition
ofD wehavey\ ;2D foreahi< !, andthereforey2 D\ A. n

23. Cor ollar y. AssumeCH and 2@ 1 = @ for some2 n<!.
If every stationary subsetof [! ,]@ re ects, then every stationary subsetof
[l n]@ re ects to a set of ordinals of uncountable order-type.

Proof. Directly from Theorems3 and 22. »
If n = 2 then we can get by without CH.

24. Cor ollar y. Assume2@ = @. If every stationary subsetof [! 5]@®
re ects, then every stationary subsetof [! ,]@ re ects to a set of ordinals
of uncountable order-type.
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Proof. Note that if E [l 5] is stationary, we may assumethat
E=f 2S2:E\ []® isstationary in [ ]®g

is stationary. Otherwise, throw away all elemens of E whosesuprermum is
in E to readh the conclusionof the corollary.

So given that E is stationary, we can do without Lemmas 18{21: if
E\ [ ]@ is stationary for some < ! ,, it is straightforward to nd an un-
boundedsubsetthereof which cortains no cortin uous, increasing( -sequence
of length ! + 1. Now repeat the proof of Theorem 22. u

So the outcome of this section is that the Generalized Continuum Hy-
pothesisis enoughto provide a partial answer to Question 16 but we were
not ableto pushthe method beyond @ . It is possiblethat similar argumerts
can be carried out for higher cardinals but there are someproblems. For in-
stance, Lemma 20 is false if we replacethe cardinal ! , with !, : assuming
that @ is strong limit, Shelah[12] constructs a club subsetof [! | ] with
the property that every unbounded subsetof it is stationary.

Towrap things up, let us mention a result communicated to usby Donder
which says that, in the constructible universe,a much better re nement
than Theorem 22 is possible.This is the following fact which has also been
establishedindependertly by Sakai [9].

25. Theorem. |In L, for all uncountable regular , every stationary
B [ ]® can berened to a stationary A B such that the sup-function
onA is 1-1

The interested reader will nd that the proof of Theorem 25 is pretty
closeto the usual condensationargumert that } holdsin L. Note that the
conclusion of Theorem 25 is stronger than the conclusion of Theorem 22
but it also requires the stronger assumption of V. = L. In [9], Matsubara
and Salkai usea model of Gitik [5] to shaw that there can be an inaccessible
cardinal and a stationary B [ ]@ sud that B cannot be thinned out
to a stationary subseton which the sup-function is 1-1. But it seemsto be
open whether the same can happen if is a successorcardinal. In other
words, the answer to the following question is not known:

26. Question. Let > !, beasuwessorcardinal. Is it possibleto prove
in ZFC that every stationary B [ ]® can be thinned out to a stationary
A B on which the sup-function is 1-1?
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