PUTNAM PROBLEMS

CALCULUS, ANALYSIS

2009-A-6. Let f;[0,1]> — R be a continuous function on the closed unit square such that af/aa?
and af/ﬁy exist and are continuous on the interior (0,1)2. Let a = fo F0,9)dy, b = fo 1L,y)dy, ¢ =
fo z,0)dz, d = fo x,1)dz. Prove or disprove: There must be a point (zg, o) in (0,1)? such that

0
afi(xmyo) =b—a

and 9
a*f(xovyo) =d-c
2008-A-4. Define f : R — R by
T fez<e
flw) = {mf(lnx) ifx>e.

Does

i 1

n=1 f
converge?

2008-B-1. What is the maximum number of rational points that can lie on a circle in R? whose centre
is not a rational point? (A rational point is a point both of whose coordinates are rational numbers.)

2008-B-2. Let Fy(z) =Inz. For n > 0 and = > 0, let F,41(x) = [ F,.(t)dt. Evaluate
IF, (1
m 7” n( ) .

n—oo Inn

2008-B-5. Find all continuously differentiable functions f : R — R such that for every rational number
g, the number f(q) is rational and has the same denominator as ¢q. (The denominator of a rational number
q is the unique positive integer b such that ¢ = a/b for some integer a with ged(a,b) = 1.) (Note: ged means
greatest common divisor.)

2007-B-2. Suppose that f : [0,1] — R has a continuous derivative and that fo z)dx = 0. Prove
that for every a € (0,1),
[ 1o

2006-A-1. Find the volume of the region of points (x,y, z) such that

< < max o<qz<a|f'(2)] -

1
8

(2 + 9y + 2% +8)2 < 36(x% +v?) .
2006-A-5. Let n be a positive odd integer and let 6 be a real number such that /7 is irrational. Set

ar = tan(f + kn/n), k =1,2,-- -, n. Prove that

a1+a2+...+an
ala?"'an




is an integer and determine its value.
2006-B-2. Prove that, for every set X = {x1, 9, -+, 2,} of n real numbers, there exists a non-empty

subset S of X and an integer m such that

1
< — .
“n+1

m+25
sES

2006-B-5. For each continuous function f : [0,1] — R, let I(f) = fol 2?2 f(x)dr and J(f) =
fol 2(f(x))?dz. Find the maximum value of I(f) — J(f) over all such functions f.

2006-B-6. Let k be an integer greater than 1. Suppose ag > 0, and define

1
a,

Ap+1 = Qp +

for n > 0. Evaluate

2005-A-5. Evaluate

2005-B-3. Find all differentiable functions f : (0,00) — (0,00) for which there is a positive real
number a such that

for all z > 0.

2004-A-6. Suppose that f(x,y) is a continuous real-valued function on the unit square 0 < z < 1,
0 <y < 1. Show that

/01 (/Olf(x,y)dx)de/Ol (/Olf(a:,y)dy)2dx < (/01 /Olf(a:,y)dxdy>2+/01/01[f(x,y)]2dxdy.

2004-B-3. Determine all real numbers a > 0 for which there exists a nonnegative continuous function
f(z) defined on [0, a] with the property that the region

R={(z,y):0<2<a,0<y<f(z)}

has perimeter k units and area k square units for some real number k.

X 14\
lim () .
r—1— 1+

n=0

2003-A-3. Find the minimum value of

2004-B-5. Evaluate

|sinz + cos x + tanx + cot x + sec z + csc |

2



for real numbers z.

2003-B-6. Let f(x) be a continuous real-valued function defined on the interval [0, 1]. Show that

1 1 1
/0 [ 1r@)+ sy > / 1f(@)ldz |

2002-A-1. Let k be a positive integer. The nth derivative of 1/(x* —1) has the form (P, (z))/(z*—1)"+!
where P, (z) is a polynomial. Find P,(1).

2002-B-3. Show that, for all integers n > 1,
1 1 < 1 > "ol
—<—-—(1-=) <—.
2ne e n ne

2001-B-5. Let a and b be real numbers in the interval (0, %) and let g be a continuous ral-valued
function such that g(g(x)) = ag(x) + bx for all real z. Prove that g(x) = cx for some constant c.

2000-A-4. Show that the improper integral
B
lim sin(z) sin(z?)dx
B—oo 0

converges.

2000-B-3. Let f(t) = Z;V=1 a; sin(2mjt), where each a; is real and a,, # 0. Let Nj denote the number

of zeros (including multiplicities) of d* f/dt*. Prove that

NOSngNQS and thk:2N

k—oo

[Added note: Presumably one is to restrict ¢ to the interval [0,1) when counting the zeros.]

2000-B-4. Let f(x) be a continuous function such that f(22? — 1) = 2xf(z) for all z. Show that
f(x)=0for -1 <a <1

1999-A-5. Prove that there is a constant C' such that, if p(z) is a polynomial of degree 1999, then

1

ngc/|mmm.

-1

1999-B-4. Let f be a real function with a continuous third derivative such that f(z), f'(x), f"(x),
f"""(x) are positive for all x. Suppose that f(z) < f(z) for all z. Show that f'(z) < 2f(z) for all z.

1998-A-3. Let f be a real function on the real line with continuous third derivative. Prove that there
exists a point a such that

fla)- f'(a)- f"(a)- f"(a) > 0.

1997-A-3. Evaluate

oo x3 565 l’7 1,2 l'4 IG
T N TR Y I T oo )da
/0 (gﬁ > T34 246" ><+22+22-42+22-42-62+ )x
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1996-A-6. Let ¢ > 0 be a constant. Give a complete description, with proof, of the set of all continuous
functions f : R — R such that f(z) = f(z? + ¢) for all x € R. [Note: R is the set of real numbers.]

1995-A-2. For what pairs (a,b) of positive real numbers does the improper integral

| (Wera—va-yve-vet)a

converge?

1994-A-2. Let A be the area of the region in the first quadrant bounded by the line y = %x, the
r—axis, and the ellipse %x2 + 92 = 1. Find the positive number m such that A is equal to the area of the
region in the first quadrant bounded by the line y = mx, the y—axis, and the ellipse éxg +12 =1

1994-B-3. Find the set of all real numbers k£ with the following property:

For any positive, differentiable function f that satisfies f'(z) > f(z) for all z, there is some number N
such that f(x) > ek for all # > N.

1994-B-5. For any real number «, define the function f, by fo(x) = |ax]. Let n be a positive integer.
Show that there exists an « such that for 1 < k < n,

fa(n®) =n® —k = for(n?) .
(|x] denotes the greatest integer < x, and f¥ = f, 0---o f, is the k—fold composition of f,.)

1993-A-1. The horizontal line y = ¢ intersects the curve y = 2x — 322 in the first quadrant as in the
figure. Find c so that the areas of the two shaded regions are equal.

1993-A-5. Show that

-
-

L

~10 22— 2 T 22 — 2 1 i 2
) det ) de ) e
100 \ 23 =3z +1 a1 \a3—3x+1 o \2? =3z +1

100 00

ol

is a rational number.

1993-B-4. The function K (z,y) is positive and continuous for 0 < z <1, 0 <y < 1, and the functions
f(x) and g(x) are positive and continuous for 0 < z < 1. Suppose that for all z, 0 < z < 1,

/ F@)K(@y)dy = g(z)  and / oK (@, y)dy = f(z) .
0 0

Show that f(z) = g(z) for 0 <z < 1.



1992-A-2. Define C(a) to be the coefficient of 292 in the power series expansion about z = 0 of
(1 4+ 2)*. Evaluate

/10(— —1)( Ly Ly 1y +1>d
, Y v+l yr2 y+3 y+1992 ) -

1992-A-4. Let f be an infinitely differentiable real-valued function defined on the real numbers. If

rty= -1

- =1.2.3..--
n n2+17 n ) 73’ )

compute the values of the derivatives f*)(0), k =1,2,3,- - -.

1992-B-3. For any pair (z,y) of real numbers, a sequence (an(z,y))n>0 is defined as follows:
ao (.’I}, y) =z

(an(z,9))* + 3

5 , for all n>0.

An 41 (1'7 y) =

Find the area of the region
{(z, y)l(an(x,y))n>0 converges}

1992-B-4. Let p(x) be a nonzero polynomial of degree less than 1992 having no nonconstant factor in

common with 23 — z. Let
492 pa \ _ f(a)
dx1992 \ 23 — ¢ g(x)

for polynomials f(x) and g(z). Find the smallest possible degree of f(x).




