PUTNAM PROBLEMS
ALGEBRA

Putnam problems

2007-A-1. Find all values of « for which the curves y = az? + ax +1/24 and z = ay® + ay + 1/24 are
tangent to each other.

2007-A-2. A repunit is a positive integer whose digits in base 10 are all ones. Find all polynomials f
with real coefficients such that if n is a repunit, then so is f(n).

2007-B-1. Let f be a polynomial with positive integer coefficients. Prove that if n is a positive integer,
then f(n) divides f(f(n)+ 1) if and only if n = 1.

2007-B-4. Let n be a positive integer. Find the number of pairs P, of polynomials with real
coefficients such that

(P(X))” +(Q(X))* = X" +1
and deg P > deg Q.

2007-B-5. Let k be a positive integer. Prove that there exist polynomials Py(n), Pi(n), -+, Px—1(n)
(which may depend on k) such that, for any integer n,

oo

2006-B-1. Show that the curve =3 + 3zy 4+ y> = 1 contains only one set of three distinct points A, B,
and C, which are the vertices of an equilateral triangle, and find its area.

2005-A-3. Let p(z) be a polynomial of degree n, all of whose zeros have absolute value 1 in the complex
plane. Put g(z) = p(z)/2"/2. Show that all zeros of ¢'(z) = 0 have absolute value 1.

2005-B-1. Find a nonzero polynomial P(x,y) such that P(|a], |2a]) = 0 for all real numbers a. (Note:
v| 1s the greatest integer less than or equal to v.
is th i 1 h 1

2005-B-5. Let P(x1,---,z,) denote a polynomial with real coefficients in the variables x4, - -, z,, and
suppose that

o2 0? o
(a) (8:0% R W)P(gch s X)) =0 (identically)

n

and that
(b) 224422 divides P(zy,---,x,) .

Show that P = 0 identically.

2004-A-4. Show that for any positive integer n there is an integer N such that the product z1zs - -z,
can be expressed identically in the form

N
— n
T1Tg - Ty = E ci(ainz1 + aipxa + -+ + Ainy)
i=1

where the ¢; are rational numbers and each a;; is one of the numbers, —1,0, 1.
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2004-B-1. Let P(x) = ¢ 2™ + ¢ 12" 1 4+ -+ + ¢p be a polynomial with integer coefficients. Suppose
that r is a rational number such that P(r) = 0. Show that the n numbers

CnTy CnT2 + Cn 1T, Cn T+ 172+ Cualy -y CaT F Cp1T™

are integers.

2003-A-4. Suppose that a, b, c, A, B, C are real numbers, a # 0 and A # 0, such that

lax?® 4+ bx + ¢| < |Az? + Bx + C|
for all real numbers z. Show that
b? — dac| < |B? — 4AC)| .
2003-B-1. Do there exist polynomials a(x), b(z), ¢(y), d(y) such that
L+ay + 2%y = a(x)e(y) + b(x)d(y)

holds identically?

2003-B-4. Let

f(2)=azt + 022 + e +dz+e=a(z—r)(z— 1) (2 —13)(2 — 14)

where a, b, ¢, d, e are integers, a # 0. Show that if r; + ro is a rational number, and if 7y + 79 # r3 + 7 — 4,
then 7175 is a rational number.

2002-A-1. Let k be a positive integer. The nth derivative of 1/(z* —1) has the form P, (z)/(z* —1)"+!
where P, (z) is a polynomial. Find P, (1).

2002-B-6. Let p be a prime number. Prove that the determinant of the matrix
x y z

P D P
x ¥z

2 2
Py 2P

is congruent modulo p to a product of polynomials in the form ax + by + cz, where a, b, ¢ are integers. (We
say two integer polynomials are congruent modulo p if corresponding coefficients are congruent modulo p.)

2001-A-3. For each integer m, consider the polynomial
Pn(z) =2* — 2m+4)2? + (m —2)2 .
For what values of m is P, (z) the product of two nonconstant polynomials with integer coefficients?

2001-B-2. Find all pairs of real numbers (z,y) satisfying the system of equations

11 5 2 2, .2
x+2y—(x +3y*)(32° + y°)
1 1
LD VA S I
Y (y* —2%)

2000-A-6. Let f(z) be a polynomial with integer coefficients. Define a sequence ag, a1, - - - of integers
such that ag = 0 and a,1+1 = f(ay,) for n > 0. Prove that if there exists a positive integer m for which
am = 0, then either a; = 0 or ag = 0.



1999-A-1. Find polynomials f(x), g(z) and h(z), if they exist, such that, for all z,

-1 ife < —1
|f(x)—|g(x)+lh(x)l={3:c+2 if —1<2<0
—2x+2 ifx>0.

1999-A-2. Let p(x) be a polynomial that is non-negative for all z. Prove that, for some k, there are
polynomials fi(x), -, fx(z) such that

k
p(x) = (f;(2))*

Jj=1

1999-B-2. Let P(z) be a polynomial of degree n such that P(z) = Q(z)P"(x), where Q(z) is a
quadratic polynomial and P”(z) is the second derivative of P(x).Show that if P(z) has at least two distinct
roots then it must have n distinct roots. [The roots may be either real or complex.]

1997-B-4. Let a,,, denote the coefficient of 2™ in the expansion of (1 + = + 2?)™. Prove that for all
k>0,
[2k/3]
0< Y (—Diapii<1 >
i=0

1995-B-4. Evaluate

1
5/2207 — —————

Express your answer in the form (a + by/c)/d, where a,b, ¢, d are integers.

1993-B-2. For nonnegative integers n and k, define Q(n, k) to be the coefficient of z* in the expansion

of (1 +z + 2% + 23)". Prove that
" (n n
Qn7k: ()( ‘)7
=3 (1) (",

j=

where (‘;) is the standard binomial coefficient. (Reminder: For integers a and b with a > 0, (Z) = b!(aaiib)!

for 0 < b <aand (Z) = 0 otherwise.)



