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None of the nine participants at a meeting speaks more than three languages. Two of any three speakers
speak a common language. Show that there is a language spoken by at least three participants.

Place 32 white and 32 black checkers on a 8 x 8 square chessboard. Two checkers of different colours form
a related pair if they are placed in either the same row or the same column. Determine the maximum
and the minimum number of related pairs over all possible arrangements of the 64 checkers.

The altitude from A of triangle ABC' intersects BC in D. A circle touches BC at D, intersectes AB at
M and N, and intersects AC at P and ). Prove that

(AM + AN) : AC = (AP + AQ) : AB .

Given three disjoint circles in the plane, construct a point in the plane so that all three circles subtend
the same angle at that point.

Let n and k be positive integers for which £ < n. Determine the number of ways of choosing k numbers
from {1,2,---,n} so that no three consecutive numbers appear in any choice.

Let a, and b, (1 <r <mn) be real numbers for which a; > ay > --- > a, > 0 and
by > a1, biby >ajax, bibbz > ajazas, --- ,biby---by > araz---ay .

Show that
bitbo+-+by>artaz+-+an.

Find integers are arranged in a circle. The sum of the five integers is positive, but at least one of them
is negative. The configuration is changed by the following moves: at any stage, a negative integer is
selected and its sign is changed; this negative integer is added to each of its neighbours (i.e., its absolute
value is subtracted from each of its neighbours).

Prove that, regardless of the negative number selected for each move, the process will eventually termi-
nate with all integers nonnegative in exactly the same number of moves with exactly the same configu-
ration.



Solutions of April problems

374. What is the maximum number of numbers that can be selected from {1,2,3,---,2005} such that the
difference between any pair of them is not equal to 57

Solution 1. The maximum number is 1005. For 1 < k <5, let Sy, = {z : 1 <z < 2005,z = k(mod 5)}.
Each set Si has 401 numbers, and no number is any of the Sy differs from a number in a different S; by 5
(or even a multiple of 5). Each Sy can be partitioned into 200 pairs and a singleton:

Sy ={k,54+k}U{10+k, 15+ k}U---U {1990 + k,1995 + k} U {2000 + k} .

By the Pigeonhole Principle, each choice of 202 numbers from Sj must contain two numbers in one of the
pairs and so which differ by 5. At most 201 numbers can be selected from each S; with no two differing
by 5. For example {k,10 + k,20 + k,---,2000 4+ k} will do. Overall, we can select at most 5 x 201 = 1005
numbers, no two differing by 5.

Solution 2. [F. Barekat] The subset {1,2,3,4,5,11,12,13,14,15, - -, 2001, 2002, 2003, 2004, 2005} con-
tains 1005 numbers, no two differing by 5. Suppose that 1006 numbers are chosen from {1,2,---,2005}.
Then, at least 1001 of them must come from the following union of 200 sets:

{1,---,10} U{11,---,20} U--- U {1991, ---,2001} .

By the Pigeonhole Principle, at least one of these must contain 6 numbers, two of which must be congruent
modulo 5, and so differ by 5. The result follows.

375. Prove or disprove: there is a set of concentric circles in the plane for which both of the following hold:
(i) each point with integer coordinates lies on one of the circles;

(ii) no two points with integer coefficients lie on the same circle.

Solution. There is such a set of concentric circles satisfying (a) and (b), namely the set of all concentric
circles centred at (%, \/5) Every point with integer coordinates lies in exactly one of the circles, whose radius
is equal to the distance from the point to the common centre. Suppose that the points (a,b), (¢,d) with
integer coordinates both lie on the same circle. Then

(a—(1/3))° + (b= V2)* = (c = (1/3))* + (d — V2)?
<= 9a® — 6a+ 1+ 9> — 18V2b+ 18 = 9¢*> — 6¢ + 1 + 9d* — 18v/2d + 18

= 9(a® + 0> - —d?) —6(a —c) = V2(18d — 18b) .

The left member of the last equation and the coefficient of v/2 in the right member are both integers. Since
V/2 is irrational, both must vanish, so that b = d and

0=3(a*—-c*)—2a—c)=(a—c)(3la+c)—2).

Since a and c are integers, a + ¢ # %, so that a = ¢ and b = d. Hence, two points with integer coordinates
on the same circle must coincide.

Comment. Since you need a simple example to prove the affirmative, it is cleaner to provide a specific
case rather than describe a general case. Some selected the common centre (v/2,v/3), which left them with
a more complicated result to prove, that u +vv/2 +w+/3 = 0 for integers u, v, w implies that u = v = w = 0.
The argument for this should be provided, since it is possible to determine irrational «, § and nonzero
integers p, ¢, r for which p + ga + r8 = 0 (do it!). An efficient way to do it is to start with

u—|—v\f2+w\/§:0:>u2:2v2+3w2—|—2\/6vw.

2



376. A soldier has to find whether there are mines buried within or on the boundary of a region in the shape
of an equilateral triangle. The effective range of his detector is one half of the height of the triangle. If
he starts at a vertex, explain how he can select the shortest path for checking that the region is clear of
mines.

Solution. Wolog, suppose the equilateral triangle has sides of length 1, so that the range of his detector
is v/3/4. Let the triangle be ABC with A the starting vertex. Since the points B and C' must be covered,
the soldier must reach the circles of centres B and C and radius v/3/4. Since 2(v/3/4) = v/3/2 < 1, the line
of centres is longer than the sum of the two radii and the circles do not intersect. Suppose that the soldier
crosses the circumference of the circle with centre B at X and of the circle with centre C at Y. Wolog, let
the soldier reach X before Y. Then the total distance travelled by the soldier is not less that

|AX|+|XY]| > |AX| + |XC| — |YC| = |AX| 4 |XC| — (vV/3/4) .

(Use the triangle inequality.)

Let Z be the midpoint of the arc of the circle with centre B that lies within triangle ABC and W be
the point of intersection of the circle with centre C' and the segment C'Z. The ellipse with foci A and C' that
passes through Z is tangent to the circle with centre B, so that |[AX|+ |XC| > |AZ]| + |ZC|. Hence the
distance travelled by the soldier is at least

1AZ| + 1201~ (V3/4) = 2/7/4) - (VBja) = LT

(Use the law of cosines in triangle AZB.) This distance is exactly (3)(2v7 — v/3) when X = Z and X,Y,C
are collinear. We show that this corresponds to a suitable path.

Let the soldier start at A, proceed to Z and thence walk directly towards C, stopping at the point W.
From the point Z, the soldier covers the points B and M, the midpoint of AC. Let U be any point on AZ
and draw the segment parallel to BM through U joining points on AB and AC. From U, the soldier covers
every point on the segment. It follows that the soldier covers every point in the triangle ABM.

Suppose the line through W perpendicular to AC meets AC' at P and BC at ). As in the foregoing
paragraph, we see that the soldier covers the trapezoid M BQP. Note that the lengths of WP, WC and
WQ all do not exceed v/3/4. It follows that every point of the segments CP and CQ are no further from
W than v/3/4. Hence the soldier covers triangle CPQ. Thus, we have a path of minimum length covering
all of triangle ABC.

377. Each side of an equilateral triangle is divided into 7 equal parts. Lines through the division points
parallel to the sides divide the triangle into 49 smaller equilateral triangles whose vertices consist of a
set of 36 points. These 36 points are assigned numbers satisfying both the following conditions:

(a) the number at the vertices of the original triangle are 9, 36 and 121;
(b) for each rhombus composed of two small adjacent triangles, the sum of the numbers placed on one
pair of opposite vertices is equal to the sum of the numbers placed on the other pair of opposite vertices.

Determine the sum of all the numbers. Is such a choice of numbers in fact possible?

Solution 1. The answer is 12(9 + 36 + 121) = 1992.

More generally, let the equilateral triangle be ABC' with the numbers a, b, c at the respective vertices
A, B,C. Let the lines of division points parallel to BC', AC' and AB be called, respectively, a—lines, f—lines
and ~y—lines.

Suppose that u and v are two consecutive entries on, say, an a—line and p, g, r are the adjacent entries
on the next a—line. Then p+v =u+q¢gand ¢+ v =u +r, whence p — ¢ =u — v = g — r. It follows that
any two adjacent points on any a—line have the same difference, so that the numbers along any a—line are
in arithmetic progression. The same applies to f— and y—lines.
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In this way, we can uniquely determine the points along the sides AB, BC and AC, and then along
each a—line, f—line and y—line. However, we need to check that such an assignment is consistent, i.e., does
not yield different results for a given entry gained by working along lines from the three different directions.
We do this by describing an assignment, and then showing that it satisfies the condition of the problem.

Let an entry be position i a—lines from BC, j f—lines from AC and k y—lines from AB. Thus,
any entry on BC corresponds to ¢ = 0 and the points A, B, C, respectively, correspond to (i,7,k) =
(7,0,0),(0,7,0),(0,0,7). Assign to such a point the value %(iaJrijrkc). It can be checked that these satisfy
the rhombus condition. For example, the points (i, j, k), (¢,j—1,k+1), (i+1,j—1,k) and (i+1,7—2,k+1)
are four vertices of a rhombus, and the sum of the numbers assigned to the first and last is equal to the sum
of the numbers assigned to the middle two.

We sum the entries componentwise. Along the ith a—line, there are 8 — i entries whose sum is %[i(8 —

7
i)a+ ---]. Hence the sum of all entries is

==

7
1
[ Zi(S—i)a] o= 2 TH2:643-544- 44534624 T Uat =120+ .
=0

Summing along G—lines and y—lines, we find that the sum of all entries is 12(a + b 4 ¢). In the present
situation, this number is 1992.

Solution 2. [F. Barekat] Let a,b, ¢ be the entries at A, B, C. As in Solution 1, we show that the entries
along each of AB, BC and C'A are in arithmetic progression. The sum of the entries along each of these lines
are, respectively, 4(a + b), 4(b + ¢), 4(¢ + a) (why?), whence the sum of all the entries along the perimeter
of triangle ABC' is equal to

d(a+b)+4(b+c)+4(c+a)—(a+b+c)=T(a+b+c) .

Let p, q,r, respectively, on AB, BC, C' A be adjacent to A, B, C and u, v, w, respectively, on AC, BA, CB
be adjacent to A, B, C. When the perimeter of triangle ABC' is removed, there remains a triangle XY Z
with sides divided into four equal parts and entries z, y, z, respectively, at vertices X,Y, Z. Since

a+b=p4+v, b+c=q+w, c+a=r+u,

r+y+z=[p+u)—a+[(g+v)=b+[(r+w)—
=(p+v)+(@g+w)+(r+u)—(a+b+c)=a+b+c.

The sum of the entries along the sides of XY Z is equal to

g(x—ky)—&-g(y—kz)—kg(z—l—x)—(m+y+z):4(a—|—b+c).

When the perimeter of triangle XY Z is removed from triangle XY Z, there remains a single small
triangle with three vertices. The sum of the entries at these vertices is « + y + z = a + b + ¢. Therefore, the
sum of all the entries in the triangular array is 12(a + b+ ¢). In the present situation, the answer is 1992.

378. Let f(x) be a nonconstant polynomial that takes only integer values when z is an integer, and let P be
the set of all primes that divide f(m) for at least one integer m. Prove that P is an infinite set.

Solution 1. Suppose that pg(z) is a polynomial of degree k assuming integer values at x = n,n +
1,---,n+ k. Then, there are integers ¢y ; for which

X X xr
pe(x) = Ck,0 (k) + Ck1 <k B 1) + -t Crk (0> .
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To see this, first observe that (i)7 (kfl), e (g) constitute a basis for the vector space of polynomials of
degree not exceeding k. So there exist real ¢ ; as specified. We prove by induction on k that the c; ; must

in fact be integers. The result is trivial when & = 0. Assume its truth for £ > 0. Suppose that

xT

K+ 1) + -+ Gtk

Prr1(r) = Ck+1,0(

takes integer values at x =n,n+1,---,n+ k+ 1. Then

€T
+ot Chylk

Prt+1(x + 1) — pryi1(z) = cry10 (k

is a polynomial of degree k which taken integer values at n,n+1,---,n+k, and so cxy1,0," -, Cht+1,5 are all

integers. Hence,
n n
Chthtt = et () = Charol g ) =ik

is also an integer. (This is more than we need; we just need to know that the coefficients of f(z) are all
rational.)

Let f(x) be multiplied by a suitable factorial to obtain a polynomial g(x) with integer coefficients. The
set of primes dividing values of g(m) at integers m is the union of the set of primes for f and a finite set, so
it is enough to obtain the result for g. Note that g assumes the values 0 and 1 only finitely often. Suppose
that g(a) =b # 0 and let P = {p1,p2,---,pr} be a finite set of primes. Define

) = Lletbmibepra)

Then h(z) has integer coefficients and h(xz) = 1 (mod pips - - - p,-). There exists an integer u for which h(u)
is divisible by a prime p, and this prime must be distinct from py,pa, - - -, p,.. The result follows.

Solution 2. Let f(z) = >} axz,. The number ag = f(0) is rational. Indeed, each of the numbers f(0),
f(), -+, f(n) is an integer; writing these conditions out yields a system of n+ 1 linear equations with integer
coeflicients for the coefficients ag, a1, -, a, whose determinant is nonzero. The solution of this equation
consists of rational values. Hence all the coefficients of f(z) are rational. Multiply f(z) by the least common
multiple of its denominators to get a polynomial g(x) which takes integer values whenever x is an integer.
Suppose, if possible, that values of f(x) for integral x are divisible only by primes p from a finite set Q.
Then the same is true of g(x) for primes from a finite set P consisting of the primes in @ along with the
prime divisors of the least common multiple. For each prime p € P, select a positive integer a, such that
p® does not divide ¢(0). Let N = [[{p® : p € P}. Then, for each integer u, g(Nu) # 0 (mod N). However,
for all u, g(Nu) = [[p®, where 0 < b, < a,. Since there are only finitely many numbers of this type, some
number must be assumed by g infinitely often, yielding a contradiction. (Alternatively: one could deduce
that g(Nu) < N for all u and get a contradition of the fact that |g(Nwu)| tends to infinity with w.)

Solution 3. [R. Barrington Leigh] Let n be the degree of f. Lemma. Let p be a prime and k a positive
integer. Then f(z) = f(z + p™*) (mod p¥). Proof by induction on the degree. The result holds for
n = 0. Assume that it holds for n = m — 1 and f(z) have degree m. Let g(z) = f(x) — f(z — 1), so that the
degree of g(z) is m — 1. Then

fla+p™) - f(z) = Zg(xﬂ')

p(n—Dk
= > (la+i)+tgla+i+pm )+ 4g@ti+ (b —1)prTIF)
=1
p(n=1E

Z pgz+i)=0,

i=1



(mod p*). [Note that this does not require the coefficients to be integers.]

Suppose, if possible, that the set P of primes p that divide at least one value of f(x) for integer z
is finite, and that, for each p € P, the positive integer a is chosen so that p® does not divide f(0). Let
g = [[{p* : p € P}. Then p® does not divide f(0), nor any of the values f(q™) for positive integer n, as
these are all congruent modulo p®. Since any prime divisor of f(¢™) belongs to P, it must be that f(¢™) is
a divisor of ¢. But this contradicts the fact that | f(q¢™)| becomes arbitrarily large with n.

Solution 4. [F. Barekat] Let f(z) = a,a™ + --+ + ap where n > 1. Substituting n + 1 integers for x
yields a system of n + 1 linear equations for ag, a1, - - -, a, which has integer coefficients. Such a system has
rational solutions, so that the coefficients of the polynomial are rational numbers. (This can also be seen by
forming the Lagrange polynomial for the n + 1 values.) Let g(z) be the product of f(x) and ¢, a common
multiple of all the denominators of the a;. Then g(x) has integer coefficients and takes integer values when
T is an integer.

If ap = 0, then n|g(n) for each integer n, and there are infinitely many primes among the divisors of
the g(n) and therefore among the divisor of the f(n) (since only finitely many primes divide ¢), when n is
integral. Suppose that ag # 0, and, if possible, that g(n) is divisible only by the primes p1,pa,- -, pr for
integer n. Let cag = pi'p5* - - - p* and let

M = {pi'p5* - pF : si > Vi) .
The set M has infinitely many elements.

Suppose that h(z) = (1/cag)g(z), so that the constant coefficient of h(x) is 1. The polynomial h(z)
takes rational values when z is an integer, but only the primes pi,ps,- -+, px are involved in the numerator
and denominator of these values written in lowest terms. In particular, for m € M, h(m) is an integer
congruent to 1 modulo each p;, so that h(m) = £1. However, this would imply that either h(z) = 1 or
h(z) = —1 infinitely often, which cannot occur for an nontrivial polynomail. Hence, there must be infinitely
many primes divisors of the values of g(n) for integral n.

Solution 5. [P. Shi] Let ¢ be the largest positive integer for which f(n) is a multiple of ¢ for every positive
integer n. Define g(z) = (1/¢) f(z). Then g(n) takes integer values for every integer n, the greatest common
divisor of all the g(n) (n an integer) is 1, and the set of primes dividing at least one g(n) is a subset of P.

Suppose if possible that P = {p1,p2,---,pr} is a finite set. Let 1 < i < k. There exists an integer m;
such that g(m;) is not a multiple of p;; since g(m; + jp;) = g(m;) (mod p;), g(n) is not a multiple of p; when
n =m,; (mod p;).

By the Chinese Remainder Theorem, there exists infinitely many numbers n for which n = m; (mod
p;) for each i. For such n, g(n) is not divisible by p; for any 7. At most finitely many such g(n) are equal to
+1. Each remaining one of the g(n) must have a prime divisor distinct from the p;, yielding a contradiction.
The result follows.

379. Let n be a positive integer exceeding 1. Prove that, if a graph with 2n + 1 vertices has at least 3n + 1
edges, then the graph contains a circuit (i.e., a closed non-self-intersecting chain of edges whose terminal
point is its initial point) with an even number of edges. Prove that this statement does not hold if the
number of edges is only 3n.

Solution 1. If there are two vertices joined by two separate edges, then the two edges together constitute
a chain with two edges. If there are two vertices joined by three distinct chains of edges, then the number
of edges in two of the chains have the same parity, and these two chains together constitute a circuit with
evenly many edges. We establish the general result by induction.

When n = 2, the graph has 5 vertices at at least 7 edges. Since a graph lacking circuits has fewer edges
than vertices, there must be at least one circuit. If there is a circuit of length 5, then any additional edge
produces circuit of length 3 and 4. If there is a circuit of length 3, then one of the remaining vertices must be
joined to two of the vertices in the cicuit, creating two circuits of length 3 with a common edge. Suppressing
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this edge gives a circuit of length 4. Accordingly, one can see that there must be a circuit with an even
number of edges.

Suppose that the result holds for 2 < n < m — 1. We may assume that we have a graph G with 2m + 1
edges and at least 3m + 1 vertices that contains no instances where two separate edges join the same pair
of vertices and no two vertices are connected by more than two chains. Since 3m + 1 > 2m, the graph is
not a tree or union of disjoint trees, and therefore must contain at least one circuit. Consider one of these
circuits, L. If it has evenly many edges, the result holds. Suppose that it has oddly many edges, say 2k + 1
with k& > 1. Since any two vertices in the circuit are joined by at most two chains (the two chains that make
up the circuit), there are exactly 2k + 1 edges joining pairs of vertices in the circuit. Apart from the circuit,
there are (2m + 1) — (2k + 1) = 2(m — k) vertices and 3m +1) — (2k+1)=3(m —k)+k>3(m—k)+ 1
edges.

We now create a new graph G’, by coalescing all the vertices and edges of L into a single vertex v and
retaining all the other edges and vertices of G. This graph G’ contains 2(m — k) + 1 vertices and at least
3(m — k) + 1 edges, and so by the induction hypothesis, it contains a circuit M with an even number of
edges. If this circuit does not contain v, then it is a circuit in the original graph G, which thus has a circuit
with evenly many edges. If the circuit does contain v, it can be lifted to a chain in G joining two vertices of
L by a chain of edges in G'. But these two vertices of L must coincide, for otherwise there would be three
chains joining these vertices. Hence we get a circuit, all of whose edges lie in G’; this circuit has evenly many
edges. The result now follows by induction.

Here is a counterexample with 3n edges. Consider 2n + 1 vertices partitioned into a singleton and n
pairs. Join each pair with an edge and join the singleton to each of the other vertices with a single edge to
obtain a graph with 2n + 1 vertices, 3n edges whose only circuits are triangles.

Solution 2. [J. Tsimerman| For any graph H, let k(H) be the number or circuits minus the number
of components (two vertices being in the same component if and only if they are connected by a chain of
edges). Let Gy be the graph with 2n + 1 vertices and no edges. Then k(Gy) = —(2n + 1). Suppose that
edges are added one at a time to obtain a succession G; of graphs culminating in the graph G with 2n + 1
vertices and at least 3n + 1 edges. Since adding an edge either reduces the number of components (when
it connects two vertices of separate components) or increases the number of circuits (when it connects two
vertices in the same component), k(G;11) > k(G;) + 1. Hence k(G) > k(Gsny1) > —(2n+1)+(Bn+1) =
Thus, the number of circuits in G is at least equal to the number of components in G plus n, which is at
least n + 1. Thus, G has at least n + 1 circuits.

If a circuit has two edges, the result is known. If all circuits have at least three edges, then the total
number of edges of all circuits is at least 3(n + 1). Since 3(n + 1) > 3n + 1, there must be two circuits
that share an edge. Let the circuits be A and B and the endpoints of the common edge be u and v. Follow
circuit A along from u in the direction away from the adjacent vertex v, and suppose it first meets circuit
B and w (which could coincide with v). Then there are three chains connecting u and w, namely the two
complementary parts of B and a portion of A. The number of edges of two of these chains have the same
parity, and can be used to constitute a circuit with an even number of edges.

A counterexample can be obtained by taking a graph with vertices a1, - - -, an, bg, b1, - - -, by, with edges

joining the vertex pairs (a;,b;—1), (a;,b;) and (b;—1,b;) for 1 <i < n.

380. Factor each of the following polynomials as a product of polynomials of lower degree with integer
coefficients:

(@) (x+y+2)'—(y+2)—(z+a)' — (@ +y)t +at +yt + 24
(b) 2*(y* — 2 )+y2(33—$3)+22($3—y3);

(c) z* + y* — 2% — 22292 + day2? ;

(d) (yz—|—zx—|—xy) — 323 — 2323 — a3y

(e) 34 2328 — ptyzr — aytz — xy2t



(f) 2(z* + y* + 24 + wh) — (22 + y? + 2% + w?)? + 8zyzw ;
(g) 6(2° +y° +2°) = 5(a® +y? + 2°)(2® + y° + %) .

Solution. (a) Let Pi(x,y,z) be the expression to be factored. Since P1(0,y,z) = Pi(z,0,y) =
Py(z,y,0) = 0, three factors of Pi(z,y,z) are =, y and z. Hence, Pi(x,y,2) = zyzQi(z,y,z), where
Q1(z,y,z) must be linear and symmetric. Hence Q1(z,y,2) = k(x + y + 2) for some constant k. Since
3k =Py(1,1,1) = 81 — 48 + 3 = 36,

Pi(z,y,2) = 120yz(a +y + 2) -

Comment. The factor « + y + z can be picked up from the Factor Theorem using the substitution
r4+y+z=0(Ge,z+y=—2,y+z=—x,2+x=—Y).

(b)
?(y* = 2°) + 7 (27 —2®) + 22 (0 — o)

:$2(93 P ) 2(23 ) 22(23—,%3)—2:2(3/3—2:3)
=(@* =2y -2+ (¥ = 2)(° — 2%
=(z—2)(y—2)[(z+2)(y* +yz +2*) — (y + 2) (2 + 2z + 27)]
=(@—2)(y—2)zyly —2) + 2 (x —y) + 2(y° — 2%) + 2°(y — 2)]
=@-2)(y—2)y-o)ey+2(y+2)] = (@ -y)(y — 2)(z — 2)(xy + yz + 22) .

(c)

ot oyt — 2t = 22797 4 day2? = (2t 4 2272 + yt) — (2 + 4%y — day?)
= (22 +y?)? — (22 = 22y)? = (2? + y* + 2% — 22y) (2 + y* — 2% + 22y)
= (@ +y’ + 2% - 2wy)[(x +y)* 2] = (@ + P+ 2 - 2wy) (e Hy )@ty —2)

(d) Solution 1.

(yz + zax + xy)® — 323 — 2323 — 233

— 3(xy22% + oyt 2% + 2Py + a4 aPy2? 4 2PyPe 4 202220
= 3xyz(yz® +y*z + x2° + xy? + 22 + 2Py + 22y2)
=3ayz(z +y)(y +2)(z + @) .

Solution 2. Let the polynomial be Py(z,y,z). Since P4(0,y, z) = Py(x,0,2) = Py(z,y,0) = Py(z, —x,0)
= Py(0,y,—y) = Py(—2,0,2) =0, Py(x,y, z) contains the factors z,y,z,x +y,y + 2,z + x. Hence

Py(z,y,2) = kayz(e +y)(y + 2)(z + 2) -

Since 8k = P4(1,1,1) = 24, k = 3 and we obtain the factorization.
Solution 3. [D. Rhee]

Py(2,y,2) = [2(x +y) + zy]® — 2%y® — y32% — 2223
= 22w +y)® + 322 (x + y)’wy + 32(x + y)(2y)® — 2 (x + y) (2 — 2y + )
= (¢ +y)z[z*(z +y)* + 32(z + y)zy + 3(zy)? — 2%(z + ) + 32°(xy)]
= 3(x + y)zyz[2(z +y) + 2y + 2°] = 3(x + y)zyz(z + 2)(y + 2) -
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(e) Let Ps(z,y, z) be the polynomial to be factored. Since
ay? —atyz = 2Py(y? — w2) = 2 (ay)(y° - 22)

y*2 —wy2t =y (P —x2)

and

228 —aytz = 2823 — 2?92 + 2?22 — ayts = 222% (2w — P + 29 2(22 — ?)

it follows that

Ps(x,y,2) = (y* — za)la’y + y2° — 2%2® — ay’z]

—(y? = 22) (2 —ay)(2® - yz) = (22 — y*)(wy — 2°)(yz — 2?)

(f) Let Ps(z,y, z,w) be the polynomial to be factored. Any factorization of Ps(z,y, z,w) will reduce to
a factorization of Ps(x,y,0,0) when z = w = 0, so we begin by factoring this reduced polynomial:

Ps(2,9,0,0) = 22" + ') — (2® + ) = (2> = y*)* = (x + y)*(z — »)* .

Similar factorizations occur upon suppressing other pairs of variables. So we look for linear factors that
reduce to z + y and z — y when z = w = 0, etc.. Also the factors must either be symmetrical in x,y, z or
come in symmetrical groups. The possibilities, up to sign, are {z +y+ z+w}, {z+y+z—w,c+y— 2+
w,r—y+z+w,—zrz+y+z+wland {z+y—z—w,x—y+z—w,x—y—z+w}. Since Ps(z,y, z,w) has
degree 4, there are two possible factorizations:

(1) +y+z+w)(z+ty—z—w)(z—y+z—w)(z—y—z+w)
(2) —@tyt+tz-—w)(zt+y—z+w)@—y+ztw)(—z+y+z+w)
Checking (1) yields

@+y+z+w)(z+y—z-—w)@—y+z—w)(w—y—z+w)
=[x +9)? - (z +w)’[(z —y)* = (z —w)’]

= [(@® +9* = 2% —w?) + 22y — 2w)][(2” +y* — 27 — w?) — 2(zy — 2w)]

= (22 + % — 2% —w?)? — 4(zy — 2w)?

=zt + oyt 42+ wt + 22297 + 22202 — 22227 — 222w — 29222 — 242 w?
— 42?y? — 42%w° + Szyzw

=zt 4yt 42t 4wt — 2(9623/2 + 2222 + 2?w? + 22 + yPw? + 22w2) + 8xyzw

=22 + 9% + 2 Fwt) — (2% +y? + 22 +wh)? 4 Sayzw .

Thus, we have found the required factorization. ((2), of course, is not correct.)
(g) Let Pr(x,y, z) be the polynomial to be factored.
Solution 1. Note that

Pr(z,y,0) = 6(z° + ¢°) — 5(z”® + y°) (2 + °)

= (x4 y)[62* — 623y + 622y* — 62> + 6y* — 5(z% + 9?)(2? — zy + v°)
= (z+y)(a" — 2%y — 42®y® — 2y’ + )

= (x4 y)z* — 2229 +y* — zy(a? + 22y + v°)]

=@+ Y@+ —y)? —zyle+y)°] = (z+y)°@" - 3y +y?) .
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Similarly, (y + z)® divides P7(0,y,z) and (z + 2)® divides P,(z,0,z). This suggests that we try the
factorization
Qr(z,y,2) = (x +y + 2)*(2* +9* + 22 — 3wy — 3yz — 3z1) .

Since P;(1,0,0) = 1 = @Q4(1,0,0) and P;(1,1,1) = 18 — 45 = —27 # Q7(1,1,1) = 27(—6), this does not
work. So we need to look at the above factorizations differently:

Pr(x,y,0) = (z +y)*(@® + y* — 22%y — 209%) ;

Pr(2,0,2) = (z + 2)% (2% + 2% — 2272 — 2027 ;

Pr(0,y,2) = (y +2)*(y° + 2° — 2”2 — 22%) .

This suggests the trial:
Rr(z,y,2) = (x +y+ 2)2(2 + o° + 23 — 222y — 209® — 2y%2 — 2y2% — 2222 — 222° + kayz) .

Now Pr(1,1,1) = —27 and R7(1,1,1) = 9(—=9 + k), so this will not work unless k¥ = 6. Checking, we find
that

Pr(x,y,2) = (x +y 4+ 2)% (2% + > + 22 — 22%y — 22y? — 2%z — 2y2% — 22%0 — 2227 + 6ay2) .

Solution 2. [Y. Zhao] For k = 1,2,3, let S, = 2F +y* + 2 let oy = v+ y + 2, 00 = vy +yz + 27
and o3 = TYx. Then S; = 01, So = 0151 — 209, S3 = 0152 — 0951 + 303, S4 = 0153 — 0255 + 0351 and
S5 = O'1S4 — 0'253 +O’3S2, so that SQ = 0'% — 20’2, S3 = O’% - 30’10’2 + 30’3, S4 = 0.411 - 40’%0’2 +40’10’3 + 20’%
and S5 = 0} — 5030y + 5otos + 50103 — 5ogos .

P7((E,y7 Z) = 655 - 55253
= 6(0% — 50303 + 5oios + 5o105 — 5oaas) — 5(01 — 202) (0% — 30102 + 303)

= U? - 50?@ + 150%03 = 0%(011)’ — bo109 + 1503) .

Solutions to the May problems.

381. Determine all polynomials f(z) such that, for some positive integer k,

f@®) =2 f(z) =2(2® — 1)
for all values of x.

Solution. If f(z) is constant, then f(x) = —2. Suppose that f(z) is a nonconstant polynomial of positive
degree d. Then the degree of the terms of the left side must be greater than 3, so that f(z¥) and x3f(z)
must have the same leading term. Therefore degf(x*) = degz®f(z), so that kd = 3 +d or 3 = (k — 1)d.
Therefore, (k,d) = (4,1), (2, 3).

Suppose that (k,d) = (4,1). Since f(0) = —2, we must have f(z) = ax — 2 for some constant a. It is
readily checked that this solution is valid for all values of a.

Suppose that (k,d) = (2,3). Then 2z®[f(z) + 2] = f(2?) + 2. From this equation, we see that its two
sides must have terms of degree at least 3 and only terms of even degree; thus, its two sides involve terms in
2% and 2°. It follows that f(x) must have constant term —2, no term in = and 22 and a term in 2. Thus,
f(x) = bx® — 2. Again, it can be checked that any function of this form is valid.

Comment. Many solvers forgot to deal with the possibility of a constant function. Also, having gotten
the forms ax — 2 and bx® — 2, one should check that they actually work.
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382. Given an odd number of intervals, each of unit length, on the real line, let S be the set of numbers that
are in an odd number of these intervals. Show that S is a finite union of disjoint intervals of total length
not less than 1.

Solution 1. The proof is by induction on the odd number of intervals. The result is obvious if the set
contains only one interval. Suppose that it holds when there are 2k — 1 > 1 intervals. Let a set of 2k 4+ 1
intervals satisfying the condition be given. Let I and J be the two intervals whose left endpoints are least.
Suppose that I NJ = K. Note that the lengths of I\J and J\I are the same.

Suppose that the intervals I and J are removed from the set. Then, by the induction hypothesis, there
is a finite union T of disjoint intervals of total length consisting of all points that lie in oddly many intervals
apart from I and J. Restore the intervals I and J to form the set S. Outside of the union of I and J, the
sets S and T agree. If T is the leftmost interval, then S includes I\J along with K NT. The only part of
T that might not belong to S must lie within the set J\I; but this is compensated by the inclusion of I\J.
The result follows.

Solution 2. [Y. Zhao] That S is a union of disjoint intervals can be established. Let 2n + 1 intervals
Io, I, - -, I3, of unit length be given in increasing order of left endpoint. Define

. 1, 1fLL‘EIZ,
fi(x){o, ifx gl .

for 0 < i < 2n. Let
2n

F(z) = (~1)'fi() .

=0

Suppose that z is a real number in I U; U---UI,. Let j be the minimum index and k the maximum

index of the intervals that contain x. Then z € I; if and only if j <i <k, and so F(z) = Zf:j(—l)i. The
value of |F'(z)| is 0 if and only if there are an even number of summands, i.e. k—j + 1 is even and 1 if and
only if there are an odd number of summands. If z belongs to none of the intervals, then F'(x) = 0. Hence

the length of S is equal to

|F(x)|dx > F(x)da::i(—l)i Oofi(x)dat
. [ rne =S [

—0o0 —00
2n
=Y (-1)'=1
=0

as desired.

383. Place the numbers 1,2,---,9 in a 3 X 3 unit square so that
(a) the sums of numbers in each of the first two rows are equal;
(b) the sum of the numbers in the third row is as large as possible;
(c) the column sums are equal;

(d) the numbers in the last row are in descending order.

Prove that the solution is unique.

Comment. The problem is not quite correct. The solution is unique up to the order of the first two
rows. Most students picked this up.

Solution. The first two rows should contain six numbers whose sum S is as small as possible and is
even. This sum is at least 1 +2+ 3 +4 4+ 5+ 6 = 21, so the sum is at least 22.
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If the sum of the first two rows is 22, then the entries must be 1,2,3,4,5,7. The row that contains 1
must contain 3 and 7. The column sums are each 15, so the column that contains 7 cannot contain 8 or 9,
so must contain in its third row the number 6. Hence one of the columns consists of 7,2, 6. The column that
contains 5 cannot contain 8, as the 2 has already been used in another column.

Taking the last row as (9,8,6), we obtain the top two rows (5,4,2) and (1,3,7). This satisfies the
conditions. Thus, we have a solution that minimizes the sum of the first two rows and maximizes the sum
of the last row.

Comment. The last row sum cannot be more that 9+ 8+ 7, and must be odd (45 minus the sum of the
first two rows). So we can start with the last row as (9,8,6) and work from there.

384. Prove that, for each positive integer n,
(3 —2v2)(17 +12v2)" + (3 + 2v2)(17 — 12V/2)" —

is the square of an integer.

Solution. Oberve that

(1+v2)?=34+2V2
(1£vV2)'=(B+2v2)?2=17+12V2

and

-1=(1+v2)(1-V2).

The given expression is equal to
1+ V22 + (1= V2" 2 4 2[(1+ V2)(1 = V2)" ! = [(1+ V2)*" + (1 = V2> ]2

Since
(14 v2)2n-! g( )2’“1\[2@211) :

the quantity in square brackets is the integer

M |

)

~
Il

The result follows.

385. Determine the minimum value of the product (a +1)(b+ 1)(c+ 1)(d + 1), given that a,b,c,d > 0 and

1 n 1 n 1 n 1
a+1 b+1 c+1 d+1

=1.

Solution 1. By the inequality of the harmonic and geometric means of the four quantities, we have that

[(a+1)(b+1)(c+1)(d+ 1))/ > [i(ail +bi1 +cJ1r1 +di1)] =4,

whence the product must be at least 4* = 256. This bound is achieved when a =b=c=d = 3.
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Solution 2. Let u* = (a + 1)(b+ 1), v* = (¢ + 1)(d + 1). Then, by the Arithmetic-Geometric Means
Inequality,

_a+b+2 ctd+?2

u? vd

2y/(a+1)(b+1) 2¢/(c+1)(d+1)

> +
u?t v

2 2 2(u?+?)
w2 v T T wme

4uv 4
> —

- - b
u?2v?  wv

so that uv > 4. The result follows with equality when a =b=c=d = 3.

386. In a round-robin tournament with at least three players, each player plays one game against each other
player. The tournament is said to be competitive if it is impossible to partition the players into two sets,
such that each player in one set beat each player in the second set. Prove that, if a tournament is not
competitive, it can be made so by reversing the result of a single game.

Solution. In the following solutions, let @ > b denote that player a beats (wins over) player b. Note that
this relation is not transitive, i.e. @ > b and b > ¢ does not necessarily imply that a > c.

Solution 1. [A. Wice] Suppose there are n players. We establish two preliminary results:

(1) The players can be labelled so that a1 > ag > -+ > ay;

(2) If the players can be labelled to form a loop or circuit, thus ay > ag > -+ > a, > a1, then the
tournament is competitive.

Statement (1) can be established by induction. (If it holds for all tournaments with fewer than n players,
then consider any player z in the tournament with n players. The players that beat z can be formed into a
line as can those whom z beats. Now insert the player between the two lines to get a line of players each
beating the next.) For statement (2), suppose if possible there are two nonvoid sets A and B partitioning
all the players such that each player in A beats each player in B. Any player beaten by a player in B must
also lie in B. Suppose we have a loop as in Statement (2). If, say, a; belongs to B, then so does a;11 and so
on all around the loop to a;_1, yielding a contradiction.

Suppose that we have a non-competitive tournament with sets A and B as above. Let a; > as > -+ > ag
and by > by > -+ > by, be labellings of the players in A and B as permitted in result (1). We also have
ax > by and a; > b,,. Reverse the game involving a; and b,, to make b,, > a;. By result (2), we now have
a tournament that is competitive.

Solution 2. Suppose that we are given a noncompetitive tournament 7', and that the players are
partitioned into two sets A and B for which each player in A beats each player in B. Suppose a is a player
in A who loses to the smallest number of competitors in A; let A; be the subset of those in A who beat a.
Suppose that b is a player in B who wins against the smallest number of players in B; let By be the subset
of B who loses to b.

InT, a >b. Form a new tournament 7’ from T by switching the result of the game between a and b, so
that b > a and otherwise the results in T and T” are the same. Suppose, if possible, that 7" is noncompetitive.
Then we can partition the set of players into two subsets U and V, for which each player in U beats each
player in V.

Suppose that a € V. Since a beat every player in B besides B, we must have that U N B C {b}, so that
U C AU {b}. Indeed, U C A; U {b}, so that A\A; C V. Consider a player = in U. This player lies in A;
and must beat every player in A\ A; as well as a, and lose only to other players in Ay, i.e., to fewer players
in A than a loses to. But this contradicts the definition of a. Therefore, a € U, so that b € U as well, since
b>ainT'.
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Since b is beaten by every player in A in T, VN A C {a}, so that V. C BU {a}. Indeed, V C By U {a},
so that B\B; C U. Any player in By can win only against other competitors in By, 1.e.. to fewer players in
B than b beats, giving a contradiction.

Hence U UV = {a, b}, contradicting the fact that the tournament has at least three players.

Comment. Several solvers were too loose in determining the pair that ought to be switched. Not just
any pair of players from A and B will do; they have to be carefully delineated. A good thing to do in
such a problem is to have an example that you can test your argument against. For example, consider the
following tournament with four players a, b, ¢, d for which a > ¢, a >d,b>a,b>c,b>d, ¢ > d. Thisis a
noncompetitive tournament for which we can take

(4,B) = ({a,b,c}, {d}) or ({ab},{c,d}) or ({b} {a,c,d},

The only game whose results can be reversed to give a noncompetitive tournament is that between b and d,
which will result in the cycle a > ¢ > d > b > a. The other reversals result in competitive tournaments: (1)

c>a, (A B)= ({bv C}v{a’d})3 (2) a>b, (A, B) = ({a},{b,c, d})§ (3) d>a; (A,B) = ({b}v{avcv d})§ (4)
c¢>b; (A, B) = ({a,b,c},{d}): (5) d>c; (A,B)=({a,b,d},{c}).

387. Suppose that a, b, u, v are real numbers for which av — bu = 1. Prove that
A+ ++ v +au+bv> V3.

Give an example to show that equality is possible. (Part marks will be awarded for a result that is
proven with a smaller bound on the right side.)

Solution 1. [C. Sun] Let z = a® 4+ b?, y = u® +v?, 2 = au + bv. Then zy = 22 + 1.

Observe that
(tV34+1)?>0=3t>+1> —20V/3= 4>+ 4> (V3—1)*.

From this, we find that
(z+y)?>dey=4(z2+1) =422+ 4> (V3 —2)?
:>x+y2\/§fz
—z+y+z>V3

as desired.

Solution 2. [Y. Zhao] Note that

2 2
b 3
a?+u+b2+v+au+bo= <u+;> + <v+2> +4<a2—|—b2) :

For each fixed a and b, the function is minimized when (u,v) is closest to (%, 2). But (u,v) lies on the line

272
bx —ay+1 = 0, so the distance between (u,v) and (—%, —2) is at least equal to the distance from (—%, —%)
to the line of equation bx — ay + 1, namely (a? 4 b%)~/2. Hence

a\’ b\* | 3 1 3
— _ —_ 2 2 > Y42 2>
<u+2) +<v—|—2> +4<a +b)_a2+b2+4(a +0%) >3

by the Arithmetic-Geometric Means Inequality. Equality occurs, for example, when

21/2 -1 31/4
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Solution 3. [G. Ghosn] We use a vector argument, with boldface characters denoting vectors. Let
a = (a,b), u = (u,v) and v = (v,—u). It is given that a-v = 1. Since u and v form a basis for which
u-v =0, {u, v} is an orthogonal basis for two-dimensional Euclidean space. Hence there are scalars o and
3 for which a = au+ Bv. Taking the inner (dot) product of this equation with v yields 8 = |v|™2 = u? +v2.

We have that a® +b? =a-a = (a? + %) (u? +v?) and au + fv = a-u = a(u? + v?). Hence

a>+ut + 02+ 0P Fau+bv = (o + %2+ 1+ a)(u® 4 0?)

= i[(Qa +1)% 4+ 3+ 467 (u? + v?)

3 2 2 1 \/§ 2 2 1
T )+ s > (2>( ) s V3,

Y

by the Arithmetic-Geometric Means Inequality, with equality if and only if o = —1/2 and u? 4+ v? = 2//3.
We can achieve equality with
31/4 -1 21/2
(a/ﬂ b7u7v) = (21/27 21/231/4707 31/4>

Solution 4. [A. Wice] Let a = (a,b) and u = (u, v), and let § be the angle between the vectors a and u.
The area of the parallelogram with sides a and u is equal to

|a x u| = |a||u|sind = |av — bu| =1 .
Observe that 0 < 6 < 180°. We have that

>+l + 2+ Faut+bv=la’+|u’+a-u
= lal* + [uf® + [a][u| cos 0
2+ cosd

> |a|ju|(2 + cos ) = oz

)

by the Arithmetic-Geometric Means Inequality.
Now
1> —cos(f +60°) = —% cos 0 + ?sin@
= 2+ cosf > V3sinb
N 2+ cosd > V3

sinff — ’
with equality if and only if § = 120°. Hence
a® +u + b2+ 0%+ au+bv > V3

with equality if and only if |a| = |u| = 2/2/31/4,

Hence we select
(a,b,u,v) = (kcos o, ksin o, k cos(a + 120°), k sin(a + 120°)

with k = 21/2/31/4 and some angle . Taking o = 30° yields the example

31/4 1 _31/4 1
(a,b,u,v) = <21/2’ 31/4.91/27 91/2 > 31/4 . 21/2>
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Solution 5. Let a = pcos¢, b = psing, u = gcosf and v = ¢sinf, where p and ¢ are positive reals.
Then 1 = av—bu = pgsin(f — @), from which we deduce that pg > 1 and that cos?(6 —¢) = (p?¢®>—1)/(p*¢?).
Therefore

a? +u? + 0%+ 02 +au+bv=p* + ¢* + pgcos(d — ¢)
>p’ + ¢ —paV/ (0P — 1)/ (PP¢?) = p° + ¢ — VP> — 1

> 2pq — \/p*? -1,

by the Arithmetic-Geometric Means Inequality.

We need to show that 2t — (t2 — 1)1/2 > 31/2 for t > 1, or equivalently,

A2 +82 -1 —4V/12 —1>3 <52 —4 >4t /12— 1.

This in turn is equivalent to 25t* —40t% +16 > 16t* — 16t which reduces to the true inequality (3t —4)2? > 0.
The minimum of the left member of the inequality occurs when ¢ = 2/v/3 and cos? (0 —¢) = (2 —1)/t> = 1/4.

Taking p = ¢ = 21/2371/4, ¢ = 150° and § = 30° yields the example in Solution 4.
Solution 6. [C. Bao] This solution uses Lagrange Multipliers. Let
F(a,b,u,v,\) = a®> +u?® +b* + v + au +bv — Aav — bu — 1) .

Then, the Lagrange conditions become

028—F22a+u—)\v
da
oF

:7:2

0 7% b+ v+ Au

OZB—F:2u+a+)\b
ou

O:a—F:2v+bf)\a
ov

from which we obtain that
3la+u)+Ab—v)=0=(b—v)+ Aa+u).

Therefore 3(a + 1) = A%(a + u), so that, either A = + ++/3 or a +u =b —v = 0 at a critical point.
Suppose, first, that A2 = 3. Then

2a* + au + au + 2u® = Mav — bu) = \ = 2(a”® + v + au) ,
and
202 + bv + vb + 2b% = Mav — bu) = A = 2(b* +v* + bv) .

Therefore, at a critical point,
A +u+ 2+ Fautbo=M\.

Since, double the left side is equal to (a +u)? + (b4 v)? + a? + u? + b> + v?, we must have that A\ = /3.

At this point in the argument, a technical difficulty arises, as it must be argued somehow that the
critical point is a minimum, rather than a maximum or a saddle point. One way to do this is to establish
that the objective function becomes infinite when we move towards infinity on the constraint surface, that
it must attain a minimum value on the constraint surface (which requires a compactness argument) and use
the fact that a single value of \ is turned up for a critical point.
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The second possibility is that a +u = b — v = 0. Since av — bu = 1, this leads to uv = —1/2 and
a® +u® + 0%+ 0% +au + bv = u® + 30% > 2V3uv| = V3

at the critical points.

Comment. This was not an easy problem and I garnered a larger collection of nice solutions than I
expected. The lower bound of 2 is easily obtained by noting that

2[a® + u® + b + v* + au + bv]
= [a® +u* + b + v? + 2au + 2bv] + [a® 4+ u? + b* + v* 4 2bu — 2av] + 2
=(a+u)?+b+v)2+b+u)’+(a—v)?+2>2.

Equality would require that a = v = —u and b = —u = —v, which cannot be realized simultaneously.
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