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Gradient flows of energy functionals on the space of probability measures with Wasser-
stein metric has proved to be a strong tool in studying certain mass conserving evolu-
tion equations. Such gradient flows provide an alternate formulation for the solutions
of the corresponding evolution equations. An important condition, which is known to
guarantees existence, uniqueness, and continuous dependence on initial data is that the
corresponding energy functional be displacement convex. We introduce a relaxed notion
of displacement convexity and we show that it still guarantees short time existence and
uniqueness of Wasserstein gradient flows for higher order energy functionals which are
not displacement convex in the standard sense. This extends the applicability of the
gradient flow approach to larger family of energies. As an application, local and global
well-posedness of different higher order non-linear evolution equations are derived. Ex-
amples include the thin-film equation and the quantum drift diffusion equation in one

spatial variable.

Keywords: Optimal Transport; Wasserstein Gradient Flows; Displacement Convexity;

Minimizing Movement; Well-posedness; Non-linear Evolution Equations.
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Chapter 1

Introduction

In the last decade, the theory of Optimal Transport has been a rapidly expanding area
of research. With a wide range of applications to differential geometry, mathematical
finance, gradient flow solutions of evolution equations and functional inequalities, this
theory has received an extensive amount of interest. One of the active applications of
optimal transport theory is the application of the quadratic optimal transport in study-

ing evolution equations.

The quadratic optimal transport space P(R™), also known as the Wasserstein space,
consists of the Borel probability measures on R™ with finite second moment. Wasser-
stein distance W, defines a distance function between pair of measures p, v € Py(R™)

given by

1
2

Wa(u, v) := inf {/ z —ylPdy © v eT(p, V)}
R™ xR™

where I'(u, v) C Po(R™ x R™) is the space of probability measures with marginals p and

v. We will refer to such measures v as transport plans.
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It turns out that Py(R™) has a rich geometric structure and a formal Riemannian
calculus can be performed on this space. The first appearance of the Riemannian calculus
on Py(R™) is due to Otto et al in [I8] and [25]. It was shown in [25] that the solution of
the porous medium equation

ou = Au™,

with m > 0 can be reformulated as the Wasserstein gradient flow of the energy

E(u) :/m“fl .

Since then, the interaction between the Riemannian space P2(R™) as a geometric object

and evolution equations as analytic objects have attracted a lot of attention. This point

of view is commonly called ”Otto calculus”.

A notion which has been very important in the development of this theory is the
notion of displacement convezity. McCann in his thesis [23] introduced the notion of
displacement convexity of an energy functional on the Wasserstein space. Under the
displacement convexity assumption, he proved existence and uniqueness of minimizers of
wide classes of energies, commonly referred to as potential, internal, and interactive ener-
gies. Displacement convexity had been defined before the development of the Wasserstein
gradient flows, but after establishment of the Riemannian structure of the Wasserstein
space, it turned out that displacement convexity can be interpreted as the standard
convexity along the geodesics of the Wasserstein space. The displacement convexity
condition, with its generalization to A-displacement convexity, has a central role in ex-

istence, uniqueness, and long-time behaviour of the gradient flow of an energy functional.
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Another important idea in the theory of Wasserstein gradient flows is the notion of
minimizing movement. The minimizing movement scheme was suggested by De Georgi
as a variational approximation of gradient flows in general metric spaces [14]. It was later
used by Jordan, Kinderlehrer, Otto [I8] and by Ambrosio, Gigli, Savaré [I] to construct
a systematic theory of Wasserstein gradient flows. This theory was soon used by many
researchers to develop existence, uniqueness, stability, long-time behaviour, and numeri-

cal approximation of evolution PDEs such as in [2], [3], [6], [10], [I1], [13], [15], and [24].

In recent years, it has become apparent that Otto Calculus [25] also applies to higher-
order evolution equations, at least at a formal level. The best-studied example is the

thin-film equation

Ou = -V - (uVAu),

which corresponds to the gradient flow of the Dirichlet energy

1
E(u) = 5/\Vu\2dx.

The hope is that gradient low methods might help to resolve long-standing problems con-
cerning well-posedness and long-time behaviour of this PDE. However, taking advantage
of the gradient flow method has proved difficult. The main obstruction has been the lack
of displacement convexity of the Dirichlet energy. The same problem arises for studying
other energy functionals containing derivatives of the density. In [26, open problem 5.17]
Villani raised the question whether there is any interesting example of a displacement
convex functional that contains derivatives of the density. In [12], Carrillo and Slepcev an-
swered this question by providing a class of displacement convex functionals. Therefore
it was proved that there is no fundamental obstruction for existence of such energies.

However because of the lack of displacement convexity, the Wasserstein gradient flow
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method has not been very successful in studying gradient flows of the Dirichlet energy

and other interesting energies of higher order.

Our result can be summarized as follows:

e We introduce a relaxed notion of A-displacement convexity of an energy functional
and in Theorem [4.2.2] we prove that, under this relaxed assumption, the general

theory of well-posedness of Wasserstein gradient flows holds at least locally.

e In Theorem [5.2.6] we prove that, in spatial dimension, the Dirichlet energy, which
is not A-displacement convex in the standard sense, satisfies the relaxed version
of A\-displacement convexity on positive measures. Hence the gradient flow of the
Dirichlet energy is locally well-posed and the solution of the thin-film equation with

positive initial data exists and is unique as long as positivist is preserved.

e We show that the method developed to study thin-film equation directly applies to

a range of PDEs of fourth and higher order.

The thesis is organized as follows:

In Chapter [2] we will gather some basics of the theory of Optimal Transport. The
space of probability measures with finite second moments and the structure of optimal
transport map is described here. We will focus in particular on quadratic optimal trans-

portation which is the underlying space for our gradient flows.

In chapter [3] the general formulation of Wasserstein gradient flows is presented. We

also study the concept of displacement convexity and related displacement convex energy
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functionals.

We introduce a generalized version of A-displacement convexity which we call relazed
A-convezity in Chapter [l Setting technicalities aside, the idea of relaxed A-convexity
can be summarized in two simple principles: Firstly, the modulus of convexity, A, can
vary along the flow. Secondly, one can study A-convexity locally on sub-level sets of
the energy. Note that both locallity and energy dissipation have important roles in our
analysis. For example, the Dirichlet energy is not even locally A-convex, because an
arbitrarily small neighbourhood of a smooth positive measure contains measures with
infinite energy where A-convexity fails altogether. Instead, by taking advantage of the
defining properties of the gradient flow, we study the flow on energy sub-level sets. The
key observation is that typically finiteness of the energy implies some regularity on the
measure which helps to elevate the formal calculations to a rigorous proof. For exam-
ple, in one spacial dimension, densities of finite Dirichlet energy are continuous. After
introducing relaxed A-convexity, we state our first result, Theorem [£.2.2] In this the-
orem we prove that if an energy functional is relaxed A-convex at a point pu, then the
corresponding gradient flow trajectory starting from g exists and is unique at least for
a short time. The proof is based on convergence of the minimizing movement scheme
and the subdiffrential properties that are carried over to the limiting curve. The existing
proof does not apply directly to a relaxed A\-convex energy because the restricted domain
contains only energy dissipating directions and hence having convexity on this restricted
set of directions does not imply convexity on all directions even locally. However relaxed
A-convexity is very compatible with the defining properties of the minimizing movement

scheme. In particular both of the constraints locality and energy boundedness are used
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in the definition of the minimizing movement scheme (3.10). It is interesting to note
that since minimizing movement was initially defined to be applied to gradient flows on
general metric spaces, Theorem hence has a wider range of applicability and with
minor modifications it can be applied to gradient flows on different metric spaces given

that the energy is relaxed A-convex.

In Chapter ol we apply the theory developed in the previous chapter to the Dirichlet
energy. We prove that the Dirichlet energy on R/Z, is relaxed A-convex on the measures
with positive density. This theorem re-derives the existing theory [5] of well-posedness
of the solutions of the thin-film equation away from degenerate points by a direct geo-
metric proof. To the best of our knowledge, this is the first well-posedness result for the
thin-film equation based on Wasserstein gradient flows. Two key ideas are very useful
in the proofs of this section: Firstly, the Wasserstein convergence and the uniform con-
vergence are equivalent on energy sub-level sets. Secondly, finiteness of the energy can

be used directly in the calculations of the second derivative of the energy along geodesics.

In the final chapter, we show that the method developed in Chapters [4] and [5| can be
applied to a wide class of energies of fourth and higher orders. Some important exam-
ples have been studied using this method such as equations of higher order of the form
O = (—1)k0,(ud*u), and equations of different forms, for instance the quantum drift

diffusion equation dyu = —0,(u0, 8%/‘?).

The Wasserstein gradient flow approach to PDEs has some interesting features. For

example, it has a unified notion of solution which allows for very weak solutions and
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it is applicable to equations of higher order even with the lack of maximum principle.
Also the minimizing movement scheme is a constructive method. Hence the proofs are
constructive and one can derive numerical approximations based on the Wasserstein gra-

dient flows similar to what has been done in [19], [13], and [15].



Chapter 2

The Optimal Transport Problem

In this chapter we start by a simple example motivating the idea of optimal transport
and later we state the rigorous definitions and fundamental theorems of the theory which

we will use in the next chapters.

2.1 Description of the optimal transport problem

The problem of optimal transport was formalized by the French mathematician Gaspard
Monge in 1781. During the world war II the Russian mathematician and economist
Leonid Kantorovich made important advancements in the theory. Informally, the problem
can be posed as follows. Assume there is a pile of sand that should be transported into a
hole to make the surface of the ground even. The question is how to transport the sand
with a minimal effort (see figure ) We can model the pile of sand and the hole by
two measures i and v on the intervals X and Y. A mapping 7" which sends every small
parcel of the sand to a corresponding location T'(x) on the hole represents a particular

transportation. Of course, we need the mass of each parcel to be equal to the mass of its
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TN

v

Figure 2.1: Optimal Transport

destination. In other words, we need the push forward of u via T' to be equal to v which

is defined by
Typ=v <= v(B)=p(T'(B)) for all measurable set B CY. (2.1)

For the displacement of each parcel some energy is needed which is called the transporta-
tion cost. It is natural to assume that the cost depends on the initial location of the
parcel and its destination i.e. cost = ¢(z,T(x)). One natural example of a cost function
is the distance of x from T'(x). The total cost needed to transport the pile of sand via a

particular mapping 7' is obtain by summing up the cost over all the small parcels of sand

I(T) = /Xc(x,T(x))du.

Note that the effect of v is hidden in this equation via (2.1). The optimal transport
problem is to find a map T which gives the minimal cost of transportation constrained

to (2.1). This problem is called Monge’s optimal transportation problem.

Usually it is too restrictive to assume that each parcel of mass is transported into
exactly one location. For example, in the case of sand/hole problem each parcel of sand
might be split into smaller parcels which are then transported to different locations. To
allow such possibility, one has to consider measures on the product space X x Y. Infor-

mally stated, such a measure m(z,y) indicates the amount of sand which is transported
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from location x on the pile to the location y in the hole. We still need the mass at
location = to be equal to the total mass transported from x to the hole. This means that

7 should have marginals p and v, i.e.

T(AXY)=p(A) and 7(X x B) =r(B),

for all measurable sets A C X and B C Y. We call such measure on X XY a transporta-
tion plan between p and v. The set of all plans between p and v is denoted by II(u, v).

The total cost of the transportation = € II(u, v) is given by

The question now is to find the transportation plan with minimal cost.

The problem in a more general setting when X and Y are measurable spaces equipped
with measures p and v is called Kantorovich’s optimal transportation problem. Kan-
torovich was awarded economics Nobel prize for his work on a related problem in mini-

mization.

In general setting, for an arbitrary cost function, existence of a minimizer is not guar-
anteed. In the case of the quadratic cost ¢(x,y) = |x — y|?, and absolutely continuous
measures 1 and v, existence of a unique minimizer and characteristic of the optimizers

is known. The theorem is due to Brenier [§] with its generalization by McCann [22].
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2.2 Definitions and theorems

Let us recall some deinitions and notation. For the moment, we will work on R™, but we
will see later that most of the statements remain valid when R™ is replaced by a smooth

manifold.

The space of probability measures with finite second moment on R™ is given by

Py(R™) = {ueB<Rm>) IRZCE |56|2du(56)<00},

where B(R™) is the space of Borel measures on R™. The class of absolutely continuous
probability measures Py (R™) are particularly important. Here absolute continuity of a

measure refers to absolute continuity with respect to Lebesgue measure, i.e.
PIR™) == {p € Po(R™) | = udz , u € L'(R™)}.

For two measures p, v in Po(R™) the space I'(p, v) is defined to be the space of all joint
probability measures on R x R™ whose marginals are g and v. This means that if

v € T'(u, v), then for any two bounded measurable functions f and g we have

g(y)dy(x,y) = / g(y)dv(y).

m

[ @) = [ rednte) aa [

The Wasserstein distance of 1 and v, based on Kantorovich’s problem, is given by

%
Watu)=int{ [ JeyPdy et 22)
R R™ xR™

Brenier’s theorem [§] asserts that the minimum is always assumed and the minimal
transport plan is concentrated on a graph of a map 7}/, provided that € Pg(R™). This

theorem was generalized to smooth manifolds by McCann [22].
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Theorem 2.2.1 (Brenier’s theorem) Let u, v € Po(R™). Assume that p is abso-

lutely continuous with respect to Lebesgue measure. Then

(i) There is a unique minimal plan © € I(u,v) to the Kantorovich’s problem

3
inf{/ lz —y|*dy : ver(u,y)} :
v R xR™

(i) There exists a convex lower semicontinuous function ¢ : R™ — R such that

7= (Id X V).

(11i) Monge’s problem has a unique solution which is given by T = V¢, i.e.

/m |x—V¢(x)|2:irT1f{/m |z — T(x)|*dp - T#u:y}.

This optimal transport map 7' is called Brenier’s map. We usually use T}/ to refer to

the optimal transport map between measure p and v.

In [23] McCann proved the following theorem which describes Brenier’s map explicitly.

Theorem 2.2.2 Let pu, v € P$(R™) with densities p = udz and v = vdzx. Assume that

T is the optimal map between p and v. Then for almost all x € R™ we have
det(DT)v(T'(z)) = u(x), (2.3)
where DT is the derivative matriz of T

Equation ([2.3]) which is the Euler-Lagrange equation for the Monge problem is called

Monge-Ampére equation.
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The following theorem due to McCann [23] describes a time dependent transportation
which is given by the push-forward of the linear interpolation between the optimal map

T and the identity map.

Theorem 2.2.3 Let ug, 11 € PS(R™). Assume that T is the optimal transport map

between o and py. Then for any s € [0, 1] the map
Ty :=(1—s)Id+ sT
1s the optimal map between p and
ps = ((1=s)Id+ sTli!) , po. (2.4)
Also for the Wasserstein distance of the intermediate points we have

WQ(NJU7#’S) = SW(NU7#’1) Vs € [Oa 1]



Chapter 3

Wasserstein Gradient Flows

In this chapter, we gather basics of the theory of Wasserstein gradient flows. In the first
section we recall the formulation of gradient flows on a Hilbert space. The formulation of
the flow on a Hilbert space is very concrete and we will use this transparent structure as
a recipe for corresponding notions in the more abstract setting of Wasserstein space. The
second section will study some aspects of the Rienmannian structure of the quadratic
optimal transport as the underlying space of the flows that we are interested in. Finally,

in section three, we study the structure of the Wasserstein gradient flows.

3.1 Gradient Flows on Hilbert Spaces

Informally stated, a gradient flow evolves by the steepest descent of an energy functional.
This idea can be formalized in several different ways, some of which carry over to general
metric spaces. Let us first recall the notion of a gradient flow on a finite dimensional

Riemannian manifold. The ingredients of a gradient flow consist of three parts: a smooth

14
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manifold M, a metric g, and an energy E. The gradient flow of the energy E starting

from a point zy can be formulated as

(
lim; g2y = zp  (initial condition)

Ore =V, (velocity vector)

Vi = —VE(x;) (steepest descent).
\

Note that the role of the metric is to convert the co-vector dE = gTE;dxj into the corre-
sponding vector VE on the tangent space T, (M). In the early 1970’s, several groups
of mathematicians studied the notion of gradient flows on infinite dimensional Hilbert
spaces (see the survey [9]). These articles consider the contraction semi-groups generated
by a proper, convex, and lower semicontinuous energy functional £ on a Hilbert space.
One of the notions that was modified for the infinite dimensional setting was the gradi-
ent operator. It turned out that the notion of Fréchet subdifferential (Definition (3.6)) is
an appropriate substitution for the gradient on a Hilbert space. Therefore the steepest
descent equation V; = —V E(x;) on a Hilbert space is reformulated by subdifferential

inclusion:

Vi € 9E(z,).

Later, DeGiorgi and his collaborators studied the gradient flows on general metric
spaces through the variational method called minimizing movement [14]. To illustrate
this method we first consider it on a Hilbert space. The minimizing movement scheme is
a time discretization of the steepest descent equation. Assume an energy functional E is
given on Hilbert space H. For a fixed time step size 7 we consider the following iterative
scheme:

1
x] = Argmingeg{E(z) + Z|x — a7 *}. (3.1)
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By taking the time derivative of (3.1) at a formal level, we see that the scheme is ap-

proximating the steepest descent equation:

T —x’
%ﬂil € —8E(ZE:L)

It is worth noting that this equation is the reformulation of implicit Euler method in the

abstract setting.

Mimicking the structure of gradient flows in setting of a Hilbert space one obtains
appropriate formulation for Wasserstein gradient flows. The ingredients of the Wasser-
stein gradient flows are given by: P2(R™) as the manifold, the Wasserstein distance (and
its infinitesimal version) as the metric, and an energy functional on Py(R™). More de-
tailed discussion is provided at section [3.3| where we consider the Fréchet subdifferential
formulation of Wasserstein gradient flows. Later in Chapter {4 we identify conditions on
the energy functional that guarantee short-time existence and uniqueness. The proof is

based on a careful analysis of the minimizing movement scheme.

3.2 (Geometry of the quadratic optimal transport

In this section we gather some basic elements of the Riemannian calculus on the Wasser-
stein space Po(R™). We refer the reader to [I] or [26] for comprehensive discussion of
the subject. It is worth mentioning that we consider the Euclidean space R™ as the
underlying space of probability measures but one can replace R™ with any Hilbert space

by slight modifications to the definitions as it is done in [1].
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A class of curves in Py (R™) that supports a natural notion of tangent vectors is given

by the absolutely continuous curves with square integrable derivatives AC?,_([0, 00); Po(R™)).

loc

A curve y; belongs to AC? ([0, 00); Po(R™)) if there exist a locally L?(dt) integrable

function g such that

b
Wa(jtan 18) < / g(t)dt Ya,b e [0,00).

The absolutely continuous curves are given by mass conserving deformations of the mea-

sures i.e. they satisfy the continuity equation:
at,LLt + V(/.Lt‘/t) =0

for a wvelocity vector field V; of deformations of ;. This equation is assumed to hold in

the distributional sense i.e. for every test function ¥ € C'°(R™ X (0, s)) we have

/OS /m (Oh + (Vi, V) dpudt = 0.

The following theorem due to Brenier and Benamou ([4]) shows that Py(R™) is a
length space in the sense that the distance of two measures is given by the length of the

shortest path between them.
Theorem 3.2.1 Let u, v € Po(R™). We have

1
Wa(p,v)?* = min {/ / (V3| dpdt Ope + V. (10 Vy) = O} , (3.2)
0 m

where the minimum is taken over all absolutely continuous curves u; and velocity vector

fields V; which connect pg = p to g = v.

For a given curve p; € AC?*([0,1]); P$(R™)) there might be many velocity vectors

that satisfy the same continuity equation dyu; + V.(1;V;) = 0. For instance vector fields
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of the form F; + V; where V.(u:F}) = 0 all satisfy the same continuity equation. However
there is a unique vector field that minimizes , i.e. the one which defines the distance
between p and v. This optimal velocity vector field is defined to be the tangent vector
field to the curve u;. This way a tangent vector to a curve can be defined and then one
can define the tangent space T'an,P>(R™) using the tangents to the curves that pass
through p. This norm minimality condition characterizes the tangent space to Po(R™)

by

L?(dp)

Tan,Py(R™) ={Ve | ¢ € CxR™)}

The tangent vector field of u; can also be expressed in term of the optimal maps. If

V; is the tangent vector field of y; then

] THt+e — [d
W = lim ut—.
e—0 €

The converse is also true, i.e. for a given optimal map 7}/, the vector field 7)) — Id
is a tangent vector at u for some curve that passes p. The tangent vector fields are
also useful in calculating the derivative of the Wasserstein metric along curves. Let
e € ACE (RT; PS(R™)). By [I, Chapter 8] the derivative of the Wasserstein metric

along the curve p; is given by

d
EWQ(Mt, v)? = 2/ (Vi, Id =Ty )dpy Vv € Po(R™) (3.3)

m

where V; is the tangent vector field to u; and (.,.) is the standard inner product on R™.

The Wasserstein metric is closely related to a certain weak topology on Po(R™),

induced by narrow convergence:

" narrow T fdﬂ'n N fdlu Vf € CbO(Rm) ) (34)
R™ R™
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where CP(R™) is the set of of continuous bounded real functions on R™. The topolo-
gies induced by the narrow convergence and the Wasserstein distance are equivalent for
sequences of measures with uniformly bounded second moments:

narrow

Ln
lm Wy(pin, n) =0 <= (3.5)
n—oo

{pn} has uniformly bounded 2-moments.

3.3 Wasserstein Gradient Flows

Now we describe gradient flows on the Wasserstein space. Consider an energy functional
E : Py(R™) — [0,00] and let its domain, D(E), be the set where E is finite. Let p lie
in D(E) NPYR™). A vector field £ € L?(du) belongs to the subdifferential of E at p,
denoted by 0FE(u) if

liga o E(v) — E<M)M;2{i,<f; Ty —Id)y du -

veD(E)

(3.6)

We say that a curve u, € AC?

loc

(R, Pg(R™)) is a trajectory of the gradient flow for

the energy E, if there exists a velocity field V; with |Vi|r2(au,) € Lj,.(RT) such that

loc

Oy + V- (V) = 0 (continuity equation), 57)
3.7

Vi € —0E (1) (steepest descent)
holds for almost every t > 0. We will refer to as the gradient flow equation.
The continuity equation links the curve with its velocity vector field and ensures that
the mass is conserved. The steepest descent equation expresses that the gradient flow

evolves in the direction of maximal energy dissipation.

Next we describe the link between Wasserstein gradient flows and evolution PDEs.

Here, we assume that all of the measures are absolutely with respect to Lebesgue measure
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and we work with their density functions. More detailed analysis with a discussion of
general measures can be found in [I]. Let u = udz be in D(FE) and let V € OE(u) be a

tangent vector field at pu. Consider a linear perturbation of p given by the curve p, :=

(Id + eW)gp for small values of € > 0 where W € C°(R™; R™). By the subdifferential
inequality (3.6 we have

FE —F
lim sup —(ue) (1)
€10 €

</ (V,W>uda:<liminfM.

€l0 €

On the other hand, assuming C? regularity on u, and using standard first order variations

B ] (52 ()

U
stands for standard first variations of E. Therefore

U
/ (V,W)udx:/ 5E<u)85u€d:c.

we have

where

ou
The continuity equation for the curve u, implies that d.u. = —V.(uWW). Hence

/m (V.W)ude = — Rm{(sEaiu)v - (uW) }dz.

Integrating by parts, we have

/m<v, Whudz = /m<v<5§i“)), Whudz.

Since W is arbitrary we have

(x) for p-a.e. . (3.8)

Now assume that a curve pu; = udr satisfies the gradient flow equation (3.7). The

steepest descent equation and (3.8)) imply
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By plugging V; into the continuity equation, we have

Bu =V - (uv 512;2“)) . (3.9)

This is the corresponding PDE for the Wasserstein gradient flow of the energy E.

For example the gradient flow of the energy

umfl
E(u) = , m>1
W= [ 2
corresponds to the solution of the porous medium equation
8tu = Au™.
Another example which is in particular interesting for us is the Dirichlet energy

E(u) = /m \Vul|? de.

The first variation of the energy is given by

dE(u)

= —Au.
ou Y

Therefore the corresponding PDE is the thin-film equation:
Ou=—V - (uVAu).

Our well-posedness proofs are based on the minimizing movement scheme as a discrete-
time approximation of a gradient flow which is described here. Let o € D(FE), and fix a
step size 7 > 0. Recursively define a sequence {Mf}:g by setting MJ = po, and

1
M” = argmin {E(,u) + —W3 (Mg_l,,u)} n = 1. (3.10)
peD(E) 2T
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To see why this scheme is an approximation of the gradient flow, we formally calculate
the Euler-Lagrange equation for this minimization problem. The corresponding Euler-
Lagrange is given by
U € —0FE (M)
TMg—l—Id

where U = ——=——. Next we define a piecewise constant curve and a corresponding

velocity field by

py = M, Vi=U,, for (n — 1) <t <mnr.

n

We have
Vi e —0E(u;) Vt>D0. (3.11)

Therefore this equation formally suggests that u] is an approximation of the gradient

flow trajectory of E starting from py.

There is a standard set of hypothesises on the energy functional that we assume

throughout this chapter. We gather the hypothesises here:

e [/ is nonnegative, and its sub-level sets are locally compact in the Wasserstein

space.
e [ is lower semicontinuous under narrow convergence.
e D(E) C P3(R™).

The first two conditions guarantee existence of a solution to the minimization problem
in the minimizing movement scheme (3.10)) and convergence of the scheme to a limiting
curve. The third condition ensures that measures of finite energy are absolutely contin-

uous, allowing us to use transport maps rather than more general transportation plans
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for studying the Wasserstein distance. This simplifies the calculations, and allows us to
view the subdifferential as a tangent vector. Note that these conditions can be relaxed
as in [I], but to make the presentation more transparent, we prefer to work in this more

concrete setting which is sharp enough for the energies we are interested in.

The standard condition in the literature that guarantees existence and uniqueness
of the Wasserstein gradient flow of an energy is given by displacement convexity of the
energy. This condition asks for convexity of the energy along geodesics of the Wasserstein
space. Let us : [0,1] — P2(R™) be the geodesic between pg, 11 € Po(X). An energy

functional E' is called displacement conver along p if
E(ps) < (1= s)E(po) +sE(p) s €10, 1].

More generally the energy is called \-displacement convexr or in short A-convex if the

convexity is bounded from below by the constant A, i.e.
A
Blus) < (1= 5)B(po) + sE(n) = 551 = )Wa(wo pn)  s€ (0,1 (312)

Furthermore, assuming that F(u) is smooth as a function of s, one can write a derivative

version of A\-convexity. In this case, F is A-convex along p; if

d2
T Elus) 2 AW (p10, 1) (3.13)

An energy is called A-convex if it satisfies along all geodesics of Pyo(R™). It is
known that under A-convexity assumption, the gradient flow of an energy exists and is
unique (see [I]). In the next chapter we introduce a relaxed notion of convexity and we
prove that, under the relaxed convexity condition of an energy, its gradient flow exists

and is unique at least locally in time.



Chapter 4

Relaxed A-convexity and Local

Well-posedness

4.1 Relaxed M\-convexity

In this chapter we start by introducing a generalized notion of convexity which we call
relazed \-convexity. Later in this chapter we will show that if the energy satisfies relaxed
convexity, its gradient flow is locally well-posed. Relaxed convexity condition study

the convexity of the energy locally on energy sub level-sets, i.e. in Bs(u) N E., where

Bs(p) = {1/ ‘ Wa(u,v) < (5} and E. = {V ‘ E(v) < c}

Definition 4.1.1 (relaxed A-convexity.) We say that an energy E is relazed \-convex
at p € D(E), if there exist 6 > 0 and ¢ > E(u) such that E is A-convex along the geodesics

connecting any pair of measures vy,vs € Bs(u) N E..

The following lemma has a key role in the arguments of Theorem [4.2.2] It shows how

one can use relaxed A\-convexity assumption to study the subdifferential of an energy.

24
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Figure 4.1: relaxed \-convexity

Lemma 4.1.2 (Subdifferential and relaxed \-convexity.) Assume that E is relazed
A-convez at . Then a vector field € € L*(du) belongs to the subdifferential of E at u if

and only if
v A 2
E(v)— E(u) > /X<§,TH — Id)dp + EWQ (p,v) Vv e Bs(p)NE, (4.1)

where Bs(u) N E, is the corresponding relaxed A-convexity domain at ji.

Proof. First we claim that for studying the subdifferential of the functional, it is enough

to consider the restricted domain Bs(u) N E,. Let &€ € L?(du), we have to show that

B() = B = [y {6 Ty —1ddu _

lim inf > (4.2)
VgB(ME) Walp, v)
if and only if
Ev)— E(u) — , TV — Id)d
gt 2P0 L6 T~ ",
VEBy (N 24, V)

|} is trivial.

For 1} assume that {v,}$° is a minimizing sequence for (4.2]).
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In the case that liminf, . E(v,) — E(n) > 0 we have

Elvn) — Blw) = [y (& Tgr — 1d)dp _ Elom) — EGo) - (Jfy leP du)” Sl Ty~ 1d 2 dp)
W (i, vn) - Wal(p, vn)
_E() - E(u) V2 ([ Tyn — 1d[2dp)
B Wa(p, Vn </ |£| dM) W2(,U, Vn)
_[Bw) - E() .
‘[ e

Therefore inequality is automatically true if liminf, . F(v,) — E(p) > 0. Hence
one only needs to consider sequences {v, }7° such that lim,,_,. E(v,) — E() < 0. There-
fore, for large enough n we have E(v,) < ¢. On the other hand, v, LLEN (. Hence 1}
and are equivalent.

It is clear that (4.1 implies (4.3). Conversely, let ¢ € L*(du) satisfy (4.3). Let

v € Bs(p) N E.. Since E is relaxed A-convex at u, we have A-convexity of E along the

geodesic g connecting i to v. Therefore
A
E(ps) < (1= 8)B(u) + sE(v) = Ss(1 = s)W5(u,v) - Vs €[0,1].
Dividing by s and reordering, we have

Bl “ W) < pio) — By~ 20— Wi ). (4.4

¢ is in the subdifferential of E at u. Hence

lim inf Zs) = E(0) > 1 / (&, 70 — Id)dp

s—0t S s—>0+ S

=/<£,T:—fd>du

where we used linearity of the interpolate map T#* = Id + s(T,; — Id). Therefore (4.4)

and (4.5) imply

(4.5)

B0) = B > [ (677~ 1) dn-+ 5W3 ),



CHAPTER 4. RELAXED A-CONVEXITY AND LOCAL WELL-POSEDNESS 27

4.2 Local Existence and Uniqueness

The following lemma is used in Theorem when we study weak convergence of tangent

vector fields.

Lemma 4.2.1 Let pf,pu, € AC?([0,1]; P(R™)) and let V¥ € L*(du¥), Vi, € L*(du).

Assume that
e W .
o 1F =2 1y uniformly on [0,1].

e V¥ weakly converges to V; in the sense that YU € CP([0,t] x R™), we have

t t
lim / / (VFU(t,2)) duldt = / / (Vi U(t, 7)) dpadt.
—00 0 m 0 m

Then Vv € Py(R™)

t £
;3320/0 /m <Vt/~c7T:§—1d> dpfdt:/o /Rm (V;, T, — Id) dydt.

Proof. Since V¥ is weakly convergent by uniform boundedness principle we have

supg [ fum [VF[2dubdt < +o0o. Let

t
2
M=sup [([ Vit [ R du
k 0 Rm™ Rm™

Choose T; € C2([0,%] x R™) such that

i
/ / T — T2 dudt < €.
0 m
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We have

i i
/ / <Vtk’TVk _ [d> dpkdt — / / (V,, T — Id) dpdt
0o Jrm He 0o Jrm
i i
/ / (VF, Id) dpydt — / / (Vi Id) dy,dt
0 m 0 m
A

i
+// <\/;k,T:k—Tt>dufdt
0 Jrm ‘
B

<

J/

(.

& i
+// <W"’,7}>dufdt—// (Vi, T,) dpydt
0 JRm™ 0 JR™

J

c

We study each of the items separately.

Since ¥ is uniformly converging to y, the second moment of ;¥ is uniformly bounded.

In particular there is a compact set S C [0,7] x R™ such that

(/ || prdt + sup/ lz|Ppfdt) < €2 (4.6)
Se k Se

We have

lim A = lim
k—o0 k—o00

i i
/ (Vi Id) dpdt — / / (Vi Id) dpdt

< lim ‘ / (V¥ I1d) dpydt — / (V;, Id) d,utdt'
S S

k—o0

+ lim

k—o0

/(Vtk,ld>dufdt—/ m,fd)dmdt‘.
Se Se
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Because S is compact one can use weak convergence of V;¥ on S. Hence the limit of the

first term vanishes and we have

lim A < lim

k—o0 k—o0

/ <Vtk7[d>d,ufdt—/ (Vi, Id) d,utdt’
se ge

< < lim ( VE[Pdpgdt + \th2dutdt>
2 Sc S’c

k—o0

1
+ lim — (/ |a:|2dufdt+/ |$|2d,utdt)
k—oo 2€ ge Se

where we used Young’s inequality with the constant e. By (4.6)) we have

eM €
lim A < — + —.
1m 5 + 5

k—o0

Since € is arbitrary we have limy_,o,, A = 0.

We now study B. Consider the measure v¥ on R™ x R™ given by

v = (Id X T ) wpir

Recall that the measure ¥ is the optimal plan with marginals uf and v. Since pf — puy,
by the stability of optimal plans [27, Theorem 5.20], the set of optimal plans between
u¥ and v is compact in the narrow topology and every limit point is an optimal plan
between p; and v. On the other hand, because p; is an absolutely continuous measure,
Brenier-McCann Theorem ensures that the optimal plan between p; and v is unique.
This implies that the sequence vF converges narrowly for all ¢ € [0,#]. Furthermore, the

uniform convergence of uf implies that +F have uniformly bounded second moment. We

have

v = d X Tp))ghs == v = (Id x T}, ) )y Yt € [0,1]. (4.7)
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Taking the limit of B yields

t
//m<vt’“,T;§—ﬂ>dufdt
< Jim 2 // \V“dufdw—// — Ty|durdt

—00 m

<_ . 14 k
o sekm [ [ b

by lifting to the optimal plans v* = (Id x T:k)#,uf, we have
t

lim B = lim
k—o0 k—oo

- - k
1Ly N R S

Since ¥ — v; point-wise, y¥ has uniformly bounded second moment, and |y — Ti(z)|? is

dominated by a constant times |22 + 3 + 1|, we can use dominated convergence theorem.

Therefore
eM 1 2k
i B < +M%/LWWﬂ”Wﬁ

eM

o BT T
€ Rm xR™

eM

=5+ / / T, — Ty dpdt
E 0 m

<€M+€

S22

Finally, we study the last term C. We have
t i i t
klgroloc = klggo /0 /m <Vt ,Tt> d,utdt—/o /Rm <Vt,T:t>d,utdt

t t
< lim // <V;’“,Tt>dufdt—// Vi, T,) dpdt
k—o00 0 m 0 m
t
+// (Vi, T) = T;) dpedt| .
0 JR™
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Since T; € C? we can use weak convergence of V¥ for the first term. Hence

i
| [ v = m) d
0 m

i
<M/O/m|T:t—ﬂl2dutdt
Mé?

lim C <

k—o0

O

Theorem 4.2.2 (Existence and uniqueness of the flow) Let E : Py(R™) — [0, +00]
be a lower semicontinuous energy functional with locally compact sub-level sets and let
D(E) C Py(R™). Assume E(u) < 400 and that E is relaxed \-convez at p. Then there
exist t > 0 and a curve y; € AC? ([O,ﬂ;Pg(Rm)) such that py is the unique gradient flow

of E starting from p.

Proof. Let u¥ := pf be a piecewise constant solution to the minimizing movement scheme

(3.10) with 7 = The minimizing movement sequence is designed in a way that it

=

converges to a limiting curve in a very general setting. In [I, Theorem 11.1.6] it has been
proved that, under very weak assumptions which hold here, the minimizing movement

scheme converges sub-sequentially to a limiting curve such that (after relabelling) Va > 0
o uF W2y € AC? ([0, a]; Po(R™)) uniformly in [0, a].

e The sequence {V/*} of the velocity tangent vectors to {uf} converges weakly to

Vi € L?(du) in R™ x (0,7).
e The continuity equation 0y + V. (11:V;) = 0 holds for the limiting curve.

We need to prove that the limiting curve pu, satisfies the steepest descent equation and

that it is unique. Let Bs(u) N E, be the domain of relaxed convexity at p. Since y; is a
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continuous curve, we can find £ such that p; € Bs /a(p) for all t € [0, t]. We have
E(u) < lign inf B(uf) < E(p) < c. (4.8)
—00

The first inequality follows from lower semicontinuity of the energy and the second in-

equality follows from the structure of the minimizing movement scheme (3.10). Hence
py € Bsja(p) N E, Yt €[0,1]. (4.9)

Since puf LLEN py uniformly in [0,7], we can find K € N such that Wy(u,, uf) < §/4,
Vk > K and Vt € [0,]. Without loss of generality we assume that K = 1. Therefore

(4.8) and (4.9) imply
pf € Bso(p) N E.. (4.10)

The Euler-Lagrange equation of minimizing movement (3.11]) implies that —V;* € dE(uf).

Therefore using (4.10) and the variational formulation of the subdifferential (Lemma
4.1.2]) we have

A
BO) - Bt > [ (VAT — 1d) dub + SWE G ) (4.11)

for all v € Bso(p) N E,. By construction, Bs/s(u) N E. C Bsa(py) N E.. Therefore (4.11)
holds for all v in Bss(p¢) N Ee. By integrating (4.11) over ¢ and against a text function
Y € C2((0,1);]0,00)) we have

[ i [ mogas [ (i - adyvoa [ Wi
(4.12)

for all v in Bss(j1) N E.
We take the limit of (4.12)) as k — oco. By the lower semicontinuity of £

[ e [ Buavar > [ pwa - tmint [ B,

k—o0
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Lemma implies that

i /Oi /m <mk’T:?—Id>w Yduldt / / (Vi, T, — 1d) y(t)dpdt.

By the triangle inequality

W (pae, v) = Walpg, ) < Wapg', v) < Walpu, v) + Walpg, ). (4.13)

Therefore limy, o Wo(uf,v) = Wa(uy, v). Furthermore, since puf LEN ¢ uniformly, in-
equality (4.13)) implies that Wa(u¥, v) is uniformly bounded. Hence, by dominated con-

vergence theorem

t t
lim [ WEE )0t = [ W)l
k—oo [ 0
In conclusion Vv € Bs)(p;) N E. and Vb € C=((0,1);[0,00)) we have

/ dt—/ E (1)1 //m ~Vi, T}, Id>zp(t)dutdt+;\/Oiwg(yt,u)w(t)dt.

(4.14)
Let ¢y be a Lebesgue point of the map ¢ — ij(ut)w(t)dt + Jam <Vt,T,i’t — Id> dpy +
% f(f W23 (us, v)(t)dt. By considering a sequence of smooth mollifiers ¢, converging to

the delta function at ¢y, the inequality (4.14) is reduced to
v A 2
B) = Bl > | (Vi Ts,, = 1d) djsy + Wiy, ). (4.15)
Therefore (4.15)) holds for almost all ¢. By Lemma we have
V, € —0F(p) for almost all t € [0, 1].

We now study uniqueness of the solution. The available uniqueness proofs in the case
of A-convexity can be repeated in the domain of relaxed A\-convexity because as soon as

the flow exists clearly it dissipates the energy and the trajectories of the flow starting



CHAPTER 4. RELAXED A-CONVEXITY AND LOCAL WELL-POSEDNESS 34

from p remain in the domain of relaxed A-convexity for a short time where one can use
A-convexity. Hence uniqueness arguments can be repeated similar to the available proofs

such as in [I, Theorem 11.1.4]. Therefore we provide only the key ideas here.

Assume that we have two gradient flows p} and pu? both starting from . One can
show that W3(ul,u?) is absolutely continuous in time and that, by differentiability of
Wasserstein metric (3.3), for almost all t € [O,ﬂ we have

d
S WE i) < / (VA a1 dyi + / (vhad =1 ) dui. (4.16)
Consider inequality (4.15) along p;. We have
2 A
E(ui) — E(ug) > / <—W,T5§ - Id> dpg + W (g 17)- (4.17)

Rewriting (4.17) again along p? and using (4.16)) result in

1d
5%%2(#?,#%) < =AW (17, )
Hence
Wiy, 1) < e Wa(ug, pg) = 0 vt € [0, 4], (4.18)

Remarks. Since the result of Theorem holds as long as A is finite, the flow
exists and is unique unless there is a blow up on A. Also because of the inequality [4.18|the
rate of divergence of the flow starting from two close-by points p; and pus is controlled by
min {1, Ao} where )\; is the modulus of relaxed convexity at p;. Therefore the theorem

implicitly results in continuous dependent on the initial data too.



Chapter 5

Wasserstein Gradient Flow of

Dirichlet Energy

In this section we prove a local well-posedness result for the gradient flow of the Dirichlet

energy on S'. In this chapter, we use letter E to refer to the Dirichlet energy

1
5(8xu)2 if 4 = udr,u € H*(S"),

B(n) = (5.1)

+ o0 else.
When convenient, we refer to an absolutely continuous measure p = udx by its density
u. In particular, by a smooth or positive measure we mean a measure with a smooth or

positive density.

5.1 Optimal Transport on S!

The underlying space of the measures that we study in this section is S'. We identify
St with R/Z. Because S! is a manifold, the theory developed in the previous section

should be slightly modified. On a Riemannian manifold, there is the issue of existence

35
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and regularity of the optimal maps. This question has been an active area of research.
Ma-Trudinger-Wang condition in [2]] is a famous example that studies this issue. In the
case of S™, the problem has been addressed and positive results are available such as [17]
and [20]. The results guarantee that between any pair of smooth positive measures p, v
on S™ there exists a unique smooth optimal map 7},. To study the problem on S 1=R/Z,
because of the periodicity, one has to be careful about the optimal map because |T'(x)— x|
refers to two different values on S'. As was suggested in [12], this problem can be solved
by relabelling S*. In short, it was proved in [12] that for any two smooth positive mea-
sures p and v on S there exist an optimal map 7 : [0,1] — [T'(0),T(0) + 1] between
1 and v. Further more the optimal map 7T is monotone and the geodesic distance of

St = R/Z coincides with |T'(z) — z|.

Let o = updx and p; = udx be two smooth measures on S and let T be the optimal

map between them. Then by Monge-Ampere equation (2.3 we have

uo(x)

)

ui (T(X))

Since the geodesics are given by the push forward of linear interpolation of the optimal
map and the identity map, the explicit form of the geodesic u, between uy and u; is given
by

uo(z)
(1—s)+sT'(x)

In the notation of the previous section, if we think of f =T — Id as the tangent vector

us((1 — s)z + sT(x)) =

field that connects ug to u;, the geodesic equation can be written as

us(z + sf(z)) = % (5.2)

We will see in Lemma that for studying relaxed A-convexity of the energy, it



CHAPTER 5. WASSERSTEIN GRADIENT FLOW OF DIRICHLET ENERGY 37

is enough to consider measures with smooth densities. By the derivative formulation of

A-convexity (3.13) the energy is A-convex along the geodesic ps connecting pg to py if

d2
@E(us) > AWE (ug, uy). (5.3)

We start by proving that the Dirichlet energy is not A-convex for any A. This is known
to the community, and in [I2] Carrillo and Slepcev proved that the Dirichlet energy is
not convex on S'. We will study a scalable family of functions to prove the lack of
convexity for any A € R. Let ug be the geodesic connecting uy = v to u;, and let f be
the corresponding tangent vector field. We compute the second derivative of the energy

along the geodesic

d*E(us)
ds?

d2
L, ds?

/ (Oyus(y)) dy .
s=0J St

By the Monge-Ampere equation ([5.2)) and the change of variables y = x + sf(z) we have

LE] [ (0w Yo,
8:0_ ds?|_oJs1 \Oy Oz 1+ sf'(x)) Ox

_ d_2 1 u(2) i sf'(x)) dx
- ds? 520/51 <1+sf’(a:)aml+ sf'(x )) s (5.4)

N (14 (@)l (x) — su(x) " (z))’
~ a2, / (Lt 5/(@))? ¢

:2/51{( ) 1 8(f") (f) + 6(fd )} da.

d*E(uy)
ds?

X

If the energy E was A-convex, then

{(f"w)? + 8(f u)(f'u) + 6(f v }dz: / f2udx. (5.5)

Sl
A B

We use (5.5) as a guide to find a counter-example. In the example, u and f are not

smooth, and we cannot directly apply this computation but, Lemma validates the
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calculations.

We view S! as the interval [—1/2,1/2] with the endpoints identified. The construction
of the example is simple: let v = 1 — 4|z| and f’ = u™', this forces the integrand of A
to be negative, and the rest follows from a scaling argument. We have to make some

modifications to the functions so that the integral converges and the mass is normalized

to 1. We define u and f’ as follows

( (
— ! o
W) = 5. 2ol <, Fl@)=q8E -8k, 2<2|<s,
(F0 =20, << 0, 8 ja <L

Figure 5.1: Graph of v and f’

By scaling up(2) := hu(hx) and f}(z) := f'(hx) we have
A=—-Ch*, B=0C,

for some positive constants C, Cs. If the energy is A-convex then we must have A > \B

and it should hold uniformly for any such v and f. But for a fixed A, we can choose h
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large enough so that the opposite inequality holds. This means that the Dirichlet energy

is not A-convex on Py(S1).

In the example above, by pushing h to larger numbers the lack of convexity becomes
worse. By looking at the equation of u(x), it is clear that the Dirichlet energy of u(x)
gets bigger for larger values of h. This example hints that one of the obstructions against
the A-convexity of the Dirichlet energy is the magnitude of the energy which can be

controlled on energy sub-level sets.

5.2 Relaxed A-convexity of Dirichlet Energy

Lemma 5.2.1 (Uniform convergence on energy sub-level sets.) Uniform conver-
gence and Wasserstein convergence are equivalent on energy sub-level sets of Dirich-
let energy on S'. In particular for two measures p; = uidr and py = usdx with

E(m), E(pe) < ¢ < 400 we have
W3 (1, p2) = alur — o, (5.6)

where o = a(c) and [ are constants.

. . . . uniform
Proof. One side of the equivalence is easy. Assuming u,, ——— uy we have

Yup,dr — Yudr Vip € C°(Sh)
st st

which implies Wasserstein convergence of y,, = u,dx to p = udx by (3.5) and finiteness

of the second moments on S*.
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For the converse inequality, we first study the regularity of a measure with finite

energy. Let v = vdx € E,. By Poincare’s inequality and | g1 vdz =1 we have

/|v\2d:c</ |v’|2d1:+2/ |v|d:c—i—/ dr < c+3.
st st st st

Therefore H'-norm of v is bounded by its energy. The Sobolev embedding theorem

implies that v is C%'/2 continuous and we have

12, py 1/2
lv(z) —v(y)| < < |v’|2dx> (/ dm) <Velr—y| Va,yeSh (5.7)
St x

Therefore the modulus of continuity is \/c. Let u; and ps be as in the assumption.
Therefore u; and uy are C%'/2 continuous with constant y/c. Assume that |u; — ug|e >
h > 0. In particular without loss of generality assume that for some point 2y € S* we

have () — ua(xg) = h. For every x € S', we have

ui () = i (w0) — v/clx]
us () < uz(wo) + \/el.

Therefore u; lies above and wus is below the star-like shape in Figure (5.2]). Call the

(5.8)

star-like shape by S. Consider a rectangle R in the center of S with height % and width

% where k is the width of S at the height us(zq) + 2. We have k = g—z and the area of R
3

is given by %. In order to transport the measure iy to us, some mass at least equal to

the area of R should be transported outside of S. Therefore

W3 (1, po) > {area of R}{distance required to move R outside of S}?
3
> h_‘(ﬁy
48¢c 3
1
]ul — u2|Zo

Z
384¢3
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Un(Xp) |-

Figure 5.2: Wasserstein <= Uniform

Lemma 5.2.2 (Lower Semicontinuity.) The Dirichlet energy is lower semicontinu-

ous with respect to the Wasserstein metric on S*.

Proof. Let u, W2, 1. We have to prove F(u) < liminf, ,,, E(u,). Consider a minimizing
subsequnce which (without relabeling) we show it by {u,}. Since {u,} is bounded, we can
assume that {E(u,)} is bounded. This implies that H'-norm of the sequence is bounded.
By Banach-Alaoglu theorem, u,, has a weak limit point v € H* with a subsequence u,,
converges to v strongly in L?. Since u,, is also a minimizing sequence, it is enough to

show that F(u) < liminf, . F(u,,). We claim that v = u. Let ¢ € C°(S') we have

< +

JRCIEDIE

[ v =) @y
[ #@ =)@y

/51 (@) (tn, — v)(z)dx
([ 102 [ o, = ooy

<

By Lemma the Wasserstein and uniform convergences are equivalent on energy sub-

level sets. Therefore the first term in the last inequality goes to zero. The second term
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also goes to zero because u,, converges to v strongly in L?. Hence u = v almost every-
where. Because u and v are continuous, we have u = v. The Dirichlet energy is known
to be lower semicontinuous under weak H' convergence (for example see [16, Theorem

8.2.1]). Hence we have E(u) = F(v) < liminf,, . E(uy, ). O

The following lemma validates smooth calculation in the sense that for studying re-
laxed A-convexity of the energy, one can study relaxed A-convexity of the energy only on

smooth measures.

Lemma 5.2.3 (Approximation by smooth measures.) Letu € D(E). Assume that
there exist 6 > 0 and ¢ > E(u) such that the energy is A\-convex along all geodesics with

smooth endpoints in Bs N E.. Then E s relaxed \-convex at ju.

Proof. Let ug = uodzx, py = uidx € Bs N E, and let n; be a standard smooth mollifier

converging to the Dirac delta function. Define uy;(z) := ng * u;(z) for i = 0,1 where *

uni formly

. . . W
is the convolution on S'. Since uy; u;, by Lemma [5.2.1] we have uy,; —> u;.

Therefore for large enough k& we have ug; € Bs(u). The energy also converges, because

E(ug;) = / (0 (u; % mp,))° daz = / (Opu;) * mp) de —— | (8,u;)* da = E(u;).
S1 S1 k—o0 Sl

(5.9)

Hence ug; € Bs(u) N E. for large enough k. By smoothness of wy; and the assumption

of the lemma, we have A-convexity of the energy along the geodesics uy s connecting wy
to ug 1

A
E(ugs) < (1 —8)E(ugp) + sE(uk1) — 53(1 — 8)W3 (Un 0, Up1)- (5.10)
Let v, and v be in order the optimal plan connecting fu 0 = ugodx to pg1 = ug1dr and

the optimal plan connecting o to p. By stability of the optimal plans [27, Theorem
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5.20] ;. converges in narrow topology to v along a subsequence which after relabelling we

assume to be the whole sequence. Equivalence of narrow and Wasserstein convergence

(5.6) on St x ST implies
Hok,s = ((1 — )T + SHQ)# Vi LEN ((1 — )T + SH2)#’)/ = ls

where IT? is the projection to the i** coordinate and s, is the geodesic connecting jio to ;.
The lower semicontinuity of Dirichlet energy yields E(ps) < liminfy o E(pgs)-
Hence by taking the limit of (5.10|) we have

B(j) < (1= $)B(po) + sE(ur) — 551 — W3 i, ).

In the following lemma we prove that the energy is finite along a geodesic, provided

that the energies of the endpoints are finite.

Lemma 5.2.4 (Energy of the interpolant.) Let py = uodr and p; = udzr be two
smooth measures with E(uo), E(pn) < ¢ < 400 and ug,uy > m > 0. Then there are
constants ¢ < +oo and m > 0 depending only on ¢ and m such that E(us) < ¢ and

us > m along the geodesic i1y connecting o to .

Proof. By C%'/2 continuity of the densities, there exists M = M(c) such that ug(x), us(z) <
M for all x € S'. Let T : S' — S! be the the optimal transport map between vy and
u;. By Monge-Ampere equation (2.3) we have

()] <

3R
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By taking the derivative of Monge-Ampeére equation (2.3)) we have

T ()| = up()ur (T'(x)) ;:(L;()ﬁg)T’(ﬂﬂ)U’l(T(ﬂf))

(5.11)
M, M?
< o fu )]+ (o).
Now let s be the geodesic connecting g to p1. We have
_ up(x)
us((1 — s)x + sT'(z)) = (5.12)

(1—s)+sT'(x)

Plugging in bounds on 7" yields

Hence us > m where m = m(c, m). Taking derivative of the equation ([5.12)) we have

up(@)[(1 = s) + sT'(x)] — suo(2)T"(z)
(1 —=s)+sT"(x))?

u((1—s)x + sT(x)) =

Using the bounds on 7" and ({5.11)) we have:

|up (@) |uo () |[T" ()]
(1 =s) +sT"(2)]* (1 =)+ sT"(2)]°

< CoPl () + Pl )|+ (o ()]

|ug((1 = 5) +5T"(2))] <

Taking integral from both sides yields E(us) < ¢ where ¢ = ¢(c, m). O

The idea of the following lemma was suggested by my supervisor Almut Burchard.

This lemma will be used in calculations of the second derivative of the energy in Theorem

b.21

Lemma 5.2.5 (Interpolation inequality.) For every a € R there exists a constant
A < 0 such that
"2 = al f%loc = Alflze 2 0 Vf € C=(SY).
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Proof. Consider the Fourier expansion f(z) = )", axe’®™. We have

oo = sup | Y i2kmare ™| < 21 |kay| =27 Y [k*ad|15]a}|50]
eeSt Yz keZ ke
1
Holder’s inequality with exponents = 157 167 and 5 yields

/ 70 10 1.)\?
|floo < 270 (Z(|k4ai ) (Z Iai|> (Z |E|5> -
keZ keZ keZ

The term 27(3_, ., \E\g)l/Q = d is a constant independent of a;. Therefore

oo < dIf" 221122

By the arithmetic-geometric inequality for a constant 8 we have

Fle < I
d(B°*|f" | )P (8701 fl2)'?
Ad d
< BN e+ 870 fre.
5 5
dofS°
5

Putting 8 = (2 ad)s and A = — yields

al oo < 1f"12 = Alfz2.

We are now ready to prove the main theorem of this section which shows that the

Dirichlet energy is relaxed A-convex at positive measures.

Theorem 5.2.6 (relaxed A-convexity of the Dirichlet energy.) Let u = udx be a

measure with E(u) < ¢ < 400 and uw > m > 0. Then 3\ = A, such that E is relaxed

A-convex at .

??'Ir—k

5
|10
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Proof. We first claim that the second derivative of the energy at a positive measure v is
uniformly bounded from below along any smooth vector field. Let v = vdx be a measure
with E(v) < ¢ and v > m. Let v, be another smooth measure and let f be the vector

field defining the geodesic vy = (Id + sf)yv that connects v to v;. By (5.4) we have

d*E (v,
<V> :2/ ( //U)2+8<Uf//)<vlf/)+6(’U/f/)2d$
d82 s=0 g1
Recall that W3(v,v1) = [ f g1 x)dx. By (5.3)) the energy is A-convex at v, if for all

such vector fields

2/51(1)]””)2 + 8(vf") (W' f) + 6(v f)dx — )\/ vfidr >0

Sl

By completing the squares we have
/{vf” V48 f") (W f)4+6(v f)*}dx — A/ vf2dx>/ {f"0? 52f’2v’2}d:c)\/ vfidz.
S1

The lower bound on the density v > m yields

/ {f"0? 52f’2vl2}d:t—)\/ vf2da:>m2/ f”2da:—52/ f’Qu’de—m/\/ fAdx.
St st st sl

Holder’s inequality and energy bound E(u) < ¢ imply

m2/ fdx — 52/ fudr — m)\/ fdx > mg/ f"dx — 52| | —m)\/ fdx.
st sl sl sl st
By reordering and absorbing the constants in A, the energy is A-convex along v, at v if
Vf e C>(S') we have

[f"22 = alf'[5 = AlflZ: = 0 (5.13)

where o = 526 . By Lemma m the claim has been proved.

Now consider the energy sub-level set E.. By Theorem Wasserstein convergence

implies uniform convergence on E.. Therefore there exists a 6 = . such that we have
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v > m for all v = vdx € E.N Bs(p). Assume that vy, vy € E. N Bs(v). Let vy be the
geodesic connecting 1 to v;. By Lemma there exist m and ¢ depending only on ¢
and m such that E(vy) < ¢ < +o0 and v, > m > 0. By the argument at the beginning
of the proof there exists a \ = 5\m7c such that E is \-convex along the geodesic vs. The

constant A is uniform for all pairs of smooth measures inside E, N Bs(u). Therefore, by

Lemma m E is relaxed \-convex at L. 0

Corollary 5.2.7 The gradient flow trajectory of the Dirichlet energy on S* with a posi-

tive initial data exists and is unique at least for a short period of time.

Corollary 5.2.8 The positive periodic solutions of the thin-film equation dyu = —0, (ud>u)

are locally well-posed.



Chapter 6

Other Equations of Fourth and

Higher Order

In this chapter, we show that the theory developed in the last two chapters can be applied
to a wide class of energy functionals and evolution equations. Note that the result of
Theorem is general and it can be applied to any energy functional, provided that it
is relaxed A-convex. The corresponding lemmas from Chapter 5 for the energies studied
here can be derived in a similar fashion with minor modifications. Hence, we discuss the

proofs only briefly.

6.1 Higher Order Equations

The family that we study here is of the form E(u) = 1 [o, [u®|?dz for k € N. The
flow of this family of energies corresponds to the solution of the higher order non-linear

equations of the form dyu = (—1)*9, (ud*1u).

48
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Consider v € D(E). Finiteness of |u|gx in particular implies that the H'-norm of u
is bounded. Since we only used the H'-norm bounds in Lemmas [5.2.1] [5.2.2] and [5.2.3]
they automatically follow for this class of energies. Therefore, Wasserstein and uniform
convergence are equivalent on energy sub-level sets, E is lower semicontinuous, and one

can use approximation by smooth functions to study convexity.

In Lemma, we derived bounds on 7" by taking derivatives of the explicit formula
of T" given by the Monge-Ampere equation. In the same fashion, one can find bounds on
higher derivatives of the optimal map by taking more derivatives of the Monge-Ampere

equation. For generalization of Lemma [5.2.5 we will have to show that Va 3\ such that
S —al f % = Alff7e > 0

for every smooth vector field f. We will now use induction. Assume that for any «,, > 0

there exists \,, < 0 such that

m 1 m
R, < LR = A (61)

m

Let a1 > 0 be given. By applying Lemma to f(m*1) | there exists a A < 0 such

that
1 m A m
L < I = IO (62

Put o, = —25\, by 1) there exists A, < 0 such that

‘f(m-i—l)‘

o0

—1
7 < SR Al

|f(m)|%2 < |f™]2 on R/Z. Therefore

. 1 "
=AM < G 4 Al f 1
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Plugging into (6.2)) yields

m 1 m 1 m A
O, < gz, 4 Ly ez, s,
m+1
Therefore
m 1 m 1 m 3
|FO DR = SR < £ T 4 Al f 72
2 2am+1

By [fmH+D2, < |f0mHD|2 ) and by setting A1 = 1;\)\m, we have

1
> ——[f" 0 — A | fl. (6.3)
Om41

Vamer >0 Iy <O st |2
In conclusion, all the lemmas in the previous section can be applied to higher order
energies. We now study convexity of the energies along smooth vector fields on a measure

p = udx with positive density u > m and finite energy F(u) < ¢ < oc.

d? d? & 9
lcoB(u) = - Tl [ @iy

oxr 0 u(z) 50y
d2 /{8y6’x 1+3f’()} F

Since we study all the different orders at the same time, we consider the general form
given by a polynomial P which is determined by the order of the energy. We have

lenal ) = [ uf P + Pl a1 50 5D
where P is of order at most 2 with respect to each of its entries, and the order of the
derivative of each term in P is at most k. At a measure with positive density and finite
energy, we have u > m and |uV|,, < M for all i < k where M depends only on E(u).
Also |f@]z2 < |f*D]|, for all i < k—1. Therefore similar to the calculation of Theorem
[4.2.2] for positive constants (1, B2 we have

pe

Tal=oB(us) = BilfPlL = Bl FEVL
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Therefore E is relaxed convex at u if we can find A such that

BlIO = s > A [ e

This implies that the energy is relaxed A-convex at u because by (6.3]) for o =

exists A such that
[fOe —al fE VR = Afl7a 20 Vf e Cx(sY)
Hence we have proved the following theorem.
Theorem 6.1.1 The energies of the form
Jou 10%5u(z)|?de p = udz, uw e H(SY),

E(u) =

+00 else.

ol

Qi there

are relaxed \-convex on the positive measures with finite energy. In particular, periodic

gradient flow solutions of

o = (—1)F0, (uo**1u)

with positive initial data exist and are unique for a short time.

6.2 Other Equations of Fourth Order

Consider the energies of the form E(u) = [g g(u,dyu)dz. We start by calculating the

second derivative of the energy along a geodesic induced by a vector field f € C*(S!).

d? d?
o) = S5l [ a0 )y

_ u(x)  Ox 0 u(x) oy
= gk [ o (T e ) v

e [0 (5 st ) s

L+sf'(x) 1+sf(z) 1+ sf'(x)
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where we used the change of variable y = = + sf(x). Therefore we have

d? f
b= [ |y ]|a e (6.4)

where the matrix A is given by

2/ g0V 4 42 g(02) 4 4y gD 4 2g(20) 2ug®V 4 2un g0 1 42gLD)
2ug O + 2un g0 4 42g1D) u?g02)
Note that if A is positive definite, then the energy is convex. We study the class of

the form

g(u, 0pu) = [0, (u™)[*>  a>0.

Finiteness of the energy implies that u® is C%2 continuous with modulus of continuity
smaller than the energy. Because a > 0, u is continuous and since | g1 udr = 1, there

exists a point zg with u(xzy) = 1. Without loss of generality we assume xy = 0. We have

u(2)® — 1| < Velz| = u(z) < (1+ /elz])e.

Therefore there exists a uniform M < oo such that v < M for all u € E.. We now briefly

discuss the corresponding lemmas from Chapter 5.

Equivalence of Wasserstein and uniform convergence on energy sub-level
sets. Let ua(wo) — ui(zg) > h. Then we have ug(z) > ug(xo) — v/clx — x| and
ul(z) < uf(w) +\/c|r — xo|. Therefore the star-like shape in Lemma should be re-
placed by a modified version, given by (u$(xq)— \/M)é and (u?(xo)++/clz — xo|)e,
and the rest of the proof goes similarly. Hence, we have equivalence of the Wasserstein

and uniform convergence on the energy sub-level sets.
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Lower semicontinuity and smooth approximation. Having Lemma for

this class of energies, the proof of Lemmas [5.2.2] and [5.2.3| can be repeated by replacing

u with u®. Hence the energy E(u) = [, |0,u®|dz is lower semicontinuous and one can

use approximation by smooth functions.

Energy of the interpolant. Let u be bounded away from zero u > m > 0. When

a>1
m? @D [ |9,uffde < E(u) = / WO Opufde < MY [ 0ude (6.5)
st st st
and when 0 <a <1
M2(a—1) |8xu|2dx < E(U):/ u?(a—1)|8xu|2dgj < mQ(a—l) |8xu|2d{lf (66)
g1 ! St

By equivalence of Wasserstein and uniform convergence, there exists ¢ such that v > m
for all v € Bs(u) N E.. Also we have proved that v < M for all v € E.. Therefore we
can refer to the calculation for the Dirichlet energy and just compare the energy of the
geodesic with the corresponding Dirichlet energy using and to find a bound

on the energy of interpolate points along a geodesic.

In conclusion, all of the required lemmas are true. By (6.4), along a geodesic induced

by a smooth vector field f we have
d2

T ls=0B(us) = / 2a*u® Y ((uf")? + 41+ a)(wf") (W' f') + (1 + a)(1 + 2a) (' f')?) dz
S1

> [ ot = ol £
Sl
for some constants o, as. Similar to ((5.13)), we have

d2

SleoBlu) =ma [ wpde > |f—olfE = AfE > 0
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where the last inequality follows from Lemma [5.2.5, We have proved the following theo-

rem.

Theorem 6.2.1 For every a >0

Jou 0pu(2)*?de p = udz, uwe H'(S)
E(u) =

400 else.

18 relaxed A-convex on positive measures with finite energy. In particular, periodic gradi-

ent flow solutions of

Oy = —2a0,(u0, (u“_lﬁiu“))

with positive initial data exist and are unique for a short time.

An interesting example is the Fisher Information

E(u) = % /5 (Dpula)i s

which corresponds to the quantum drift diffusion equation [7]

2
Oyu = —0,(u0, 8x\/ﬂ)

x \/E
Therefore we have local well-posedness of periodic solutions of the quantum drift diffu-

sion equation with positive initial data.

Another interesting case is the limiting case a = 0. The corresponding energy can be
written as E(u) = L [, |0, logu[>dz. Finiteness of the energy result in C%2 continuity of
log u. All of the lemmas can be repeated in a similar fashion for this energy. Furthermore,

finiteness of the energy implies a lower bound for the measure because

llogu(z) —log(1)| < Velr| = eV <ufz) <eve (6.7)
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Therefore positivity is preserved along the flow. By (6.4) we have

d |S:0E([Ls) _ /S1 Q(f//)Q + 4(f/l)(%/f/) o Q(U_Ifl)de

ds? u
By there exists A\ such that

d2

G ls=0B ) = |fI1e = 6ee I = Alfliz > 0.

Hence E is relaxed A convex at u € E,.. Furthermore, since there is a uniform lower bound
e~ Ve for all v € E,, the constant \ is uniformly bounded along the flow. Therefore, the

gradient flow is globally well-posed and we have the following theorem.

Theorem 6.2.2 Wasserstein gradient flow of the energy

%fsl |0, logu|?dx  pu = udz, we H'(S)
E(u) =

+00 else.

15 globally well-posed. Hence the equation

O = 0, (uor"

xT

)

u?

with periodic boundary condition s well-posed.

Remarks. There are several directions to extend the developed method to other
classes of energies and equations. As a simple application, one can construct other classes
of relaxed A-convex functionals by combining the ones already studied. For example, the
gradient flow of the energy E(u) = [, {|0,ul*> + €25 }dx, which is the Dirichlet energy
with a perturbation, is globally well-posed. The reason is that the second term forces the
solution to remain positive. One more challenging problem is the analysis of equations

in higher dimensions. Our method is utilizing Sobolev embedding theorem on energy
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sub-level sets which is getting weaker on higher dimensions. An interesting question is
whether it is possible to solve this problem with studying higher order energies. Another
interesting question is to study wellposedness of gradient flows on the Wasserstein space
with mobility. The difficulty here is that one needs to find the form of the geodesics in

the Wasserstein space with mobility at least for close-by points.
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