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\// The (classical) nonabelian Hodge theorem

Connections and Higgs fields

X — smooth complex projective variety.

&, F — holomorphic vector bundles of rank n on X.

Flat connections Higgs fields

C-linear map V: &€ = £ ® Q%
satisfying the Leibniz rule: Ox-linear map ¢ : F — F @ QX.
V(fv)=v@df +fVv
Curvature C(V): Curvature C(¢):
EL ek Lex Fhreo & re
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\// The (classical) nonabelian Hodge theorem

Connections and Higgs fields

X — smooth complex projective variety.

&, F — holomorphic vector bundles of rank n on X.

Flat A-connections

C-linear map V: &€ = £ ® Q%
satisfying the A\-twisted Leibniz rule:
V(fv) =Av@df + Vv

A =1~ Flat connections
A =0~ Higgs fields

Curvature C(V):
EL ek L e
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\»V’ The (classical) nonabelian Hodge theorem
(‘?

Families of flat -connections
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W The (classical) nonabelian Hodge theorem

Families of flat -connections
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V/ The (classical) nonabelian Hodge theorem

Higgs bundles and local systems

Theorem (Simpson '92)
There is a fully faithful functor

& : v.b. of rank n on X F :v.b. of rank n on X
{(5’ V) ‘ V : flat connection } { F:9) ‘ ¢ : Higgs field }

with essential image given by those semistable Higgs bundles with

ehy(F) - []"eX 1 = cha((F) - [w]*"X 2 = 0

A Higgs bundle (F, ¢) is semistable if
VF' C F:¢(F) C F @ Q = w(F') < w(F)
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Twisted vector bundles

I fz%\«}

The descent-type definition

® a cover 4 = {U;}ies of X.

Proposition

A vector bundle on X is a collection
<§ = {&itieng = {gu}i,je/)
of vector bundles & on U; and isomorphisms
8ij: Sj|UU_—> 5"|U,-,-
satisfying gj; = idg;, gjj = gjfl and
8ii8jk8ki = idg
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Twisted vector bundles

I fz%\«}

The descent-type definition

® a cover & = {U;};es of X, and

® a 2-cocycle o = {aji} € Z2(4,0%); let a = [a] € H3(X, 0%).
Definition
An a-twisted vector bundle on X is a collection

<§ = {&itieng = {gu}i,je/)
of vector bundles & on U; and isomorphisms
&ij: SJ|UU_> 5"|U,-,-

satisfying gj; = idg;, gjj = gjfl and

8ij8jk&ki = jjk idg;
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Twisted vector bundles

1 M

Three remarks

(£,g) - a-twisted vector bundle of rank n

g
det(gj;) det(gjx) det(gki) = Qg

)

detg € CH(U, 0x) and b, detg = a”
® Projectivizing a twisted vector bundle:
(Q, 5) - a~twisted vector bundle of rank n
)
(PE,Pg) - honest P"~!-bundle
e Lifting P"!-bundles:
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Twisted vector bundles

Adding connections

Let. * (£,g) - a-twisted vector bundle, and
. e V ={V;}ic;, where V; is a connection on &;
) ° C(V,) =F € I'(U,-,éandox(é',-) ® Qi), and
satisfy:

© Vi —gVig; = wj € (U, éndo, (&) @ Q).

Compatibility conditions:

dfi=0 a,w, F) € Z2(81, dR}
Fi — Fj = dwj; = ) i

dR} == (05 L% qt 4,02 9, ...
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Twisted vector bundles

Adding Higgs fields

Choose: — i o XIE
F'={F} € (.95,

Let: e (F, g_’) — o/-twisted vector bundle, and
e * ¢ = {di}ici, where ¢; is a (fat) Higgs field on F;
) ® C(¢;) = F! € T(U;, Endoy (Fi) ® Q%), and
satisfy:

* o —gjoi(g) Tt = wj € T(Uy, Endo, (Fi) @ Q).

Compatibility conditions:

Fl—F =0 (o, F’) € 72(4, Dol})
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Twisted vector bundles

il

' A little bookkeeping...

Definition
a € Z2(4,0%) $I-G,-gerbe over X

(§, g) Basic vector bundle on o

(g, W, E) €72 (ﬂ, dR)X() $1-G,-gerbe with flat connection over X

Basic vector bundle on (o, w, F)

(o/,w', F") € Z2 (84, Dol}) Higgs -G ,,-gerbe over X
7.8, 9) Basic vector bundle on (o/,w’, F')

A twisted nonabelian Hodge correspondence -
10 /28



V/ Twisted vector bundles

Main theorem (the cocycle picture)

Theorem (G-R)
Given a U-G,-gerbe with flat connection over X, (o, w, F), there is
a Higgs -G p-gerbe over X, (o/,w', F'), such that we have a fully
faithful functor

Basic v.b. (£,g,Y) N Basic v.b. (F,g’,9)
of rank n on (g,g,ﬂ) of rank n on (Q,Q,E)

Conversely, given a Higgs U-Gn-gerbe over X, (o/,w', F), there is
a U-Gp-gerbe with flat connection over X, (o, w, F), such that the
same conclusion holds.

A twisted nonabelian Hodge correspondence
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,7 Towards a cocycle-free version

Why reformulate?

Four reasons:
® |s this statement independent of choices?

® What is the essential image?
® Why is it natural to allow for central twistings?

® Not a particularly beautiful statement...
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Towards a cocycle-free version

BG

Principal G-bundles

e Definition 1: locally a cartesian product
> A fiber bundle P — X of complex-analytic manifolds, with fiber G
> equipped with a reduction of structure group to G C Aut G.
e Definition 2: total space with an action of the group
> A complex-analytic manifold P
> equipped with a free, proper, holomorphic right G-action
(= X := P/G is a complex-analytic manifold).
® Definition 3: morphism from the base to the classifying stack
> A complex-analytic manifold X
> equipped with a holomorphic map X — BG.

P,_—> EG ~ %
1 1

X—— BG
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Towards a cocycle-free version

BG

Principal G-bundles

e Definition 2': total space with an action of the group
> A complex-analytic manifold P
> equipped with a holomorphic right G-action
(= X :=[P/G] is a complex-analytic 1-stack).
e Definition 2”: total space with an action of the group
> A complex-analytic co-stack P
> equipped with a holomorphic right G-action.
® Definition 3”: morphism to the classifying stack
> A complex-analytic co-stack P
> equipped with a holomorphic map X — BG.
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Towards a cocycle-free version

BG

Principal G-bundles

Definition (Principal G-bundle, or G-torsor)

Bung := G_iﬁi/sc

® Objects: mBung(X) = HY(X, G).
® Morphisms:

G-equiv.

P——Q

l l Map¢(P, Q) ~ Map/BG(X,QJ)

. ~ Map(X, D) X\iap(x,86)7] *
[

PN fa
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Towards a cocycle-free version

A

Principal  -bundles

= BA — abelian group stack / C.
Definition (Principal BA-bundle, or A-gerbe)
BunBA = BA— i = &/BQA
® Objects: mBunga(X) = H?(X, A).

® Morphisms:

BA-equiv.

/3% —_— @
! T Mapsa(s2.,9) = Mapea(2.9)
X——9 =~ Map(X,2) Xwap(x,524),5 *

AL
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Towards a cocycle-free version

BGC

" Vector bundles on G,-gerbes

a € H3(X,0%) 1— Gm— GLy — PGL, — 1
a)j,_—>I BiLI_,7 _ I
X —— B*Gp, BPGL, — B?G,
Proposition

Basic vector bundles
of rank n on X

} i MapBGm(aX, BGLn)

~ Map(X, BPGL,) xfﬂap(X,BZGm),a *
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Towards a cocycle-free version

XQR The de Rham stack

Definition

Xir = [(X X X)g = X]

The de Rham stack of X codifies connections:
* Map(Xar, BG) ~ {PPaL G-bundles on x}

with flat connection

Gm-gerbes over X
with flat connection

® Map(Xur, B>G,,) ~ { } s Hz(X,dR;é)

Proposition

Basic vector bundles
of rank n on ¢(Xar)

} ~ '\/lapBGm(a()<dR)7 BGLn)

~ Map(X4r, BPGL,) x’,\’,,ap(xdesz)ﬂ *
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>< Towards a cocycle-free version

DX The Dolbeault stack

Definition
XDol = [(TX)(/)\ = X]
The Dolbeault stack of X codifies Higgs fields:

. J ppal. G-bundles on X
* Map(Xpo, BG) = { with Higgs field

® Map(Xpol, B2G,) =~ {Higgs Gm-gerbes over X} «~s H?2 (X, Dol;é)

Proposition

Basic vector bundles
of rank n on 4/ (Xool)

} =~ MapBGm(e’(XDol)a BGLn)

~ Map(Xpo1, BPGL,) xf,,ap(XDothGm)’o, *

A twisted nonabelian Hodge correspondence



v/ Towards a cocycle-free version

Main theorem

Theorem (G-R)

Given § € Map(Xur, B2G,,) there exists §' € Map(Xpol, B2G,) such
that we have a fully faithful functor

MapBGm(g(XdR), BGL,,) — MapBGm(g/(XDO[), BGL,,)

Given 0 € Map(Xpol, B2G,,) there is € Map(Xyr, B>G,) such that
the same conclusion holds.

A twisted nonabelian Hodge correspondence
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Sketch of proof

" The obvious approach

Mapgg, (o(Xar), BGL,) >
le
Map(XdR, BPGLn) > Map(XdR, Bsz)
nah | >~ ~ E ?
Map(XDol, BPGL,,)SS’O > Map(XDol, B2Gm)

A twisted nonabelian Hodge correspondence




\—7/ Sketch of proof

Hodge correspondence for gerbes

Proposition (G-R)
If A~ G%" @ F, we have
Map (Xur, B2A) ~ Map (Xpo1, B?A)

® For A= G,, classical abelian Hodge theory.
® For A= F, the connection and Higgs data are trivial (f = 0).
e For A= G,
Q Map(XdR, Bsz) - Map(XdR, BGm)
T
Q Map(Xpot, B*G ) ~ Map(Xpot, BGp)

A twisted nonabelian Hodge correspondence



Sketch of proof

Torsion to the rescue

MapBGm(e(XdR), BGL,,)

N

v

Map(XdR, BPGLn)

nah

/
¥—) Map(XdR? Bzun) J
~ zl
" Map(Xou, B?pun) N

Map(XDol, BPGL,,)SS’O ,\

> Map(XDol, B2Gm)

To

A twisted nonabelian Hodge correspondence



Sketch of proof

~ Some homotopy theory...

MapBGm(e(XdR), BGL,,) > ok
l 7 le
Map(XdR, BPGLn) \/ > Map(XdR, BZGm)

\——> Map(Xgr, B?fin) —/

MapBGm(g(XdR), BGL,,) ~

H MapB#n(a(XdR), BSI_,,) X Map(XdR, BGm)
liftings Map(XdR’ B,U,,,)

A twisted nonabelian Hodge correspondence



Sketch of proof

" Some homotopy theory. ..

pss

MapBGm(ol(XDO[), BGL,-,) >~

11 Maps,,,(5 (Xool): BSLn) X Map(Xpoi, BGr)
liftings Map(XDDla B/‘Ln)

/—> Map(XDt)h Bz,un) —ﬂ

Map(XDol, BPGL,,)SS’O ,\ > Map(XDol, B2Gm)

—;

A twisted nonabelian Hodge correspondence N



Sketch of proof

"~ The last condition becomes evident

MapBGm(G’ (XDol)a BGLn)SS =

H MapBun(gr(XDol), BSL,,) x Map(Xpot, BG,)°
liftings Map(XDDla B/‘Ln)

tnah | 2

MapBGm(g(XdR), BGL,,) ~

H MapB#n(a(XdR), BSI_,,) X Map(XdR, BGm)
liftings Map(XdR’ B,U,,,)

A twisted nonabelian Hodge correspondence N



Sketch of proof

Generalization to other groups

1— pn —> SL, — PGL, — 1

o0

1—G, — GL, = PGL, — 1

i(—)" idet

Gm=—=0Gn,

GL,-bundles twisted by a € H?(X,G,).

o € im {H*(X, pn) = H*(X,Gm)}.

They induce untwisted PGL,-bundles.

SL,-bundles twisted by lifts of o to H?(X, ) in the proof.

A twisted nonabelian Hodge correspondence 7



Sketch of proof

Generalization to other groups

1— pn —> SL, — PGL, — 1

o0

1—G, — GL, = PGL, — 1

i(—)" idet

Gm=—=0Gn,

o Gpn — GL, with G, C Z(GL,).

det
° GL, — Gy
> det is surjective,
> det|g,, is surjective, and
> ker (det |g,,) contains no tori.

A twisted nonabelian Hodge correspondence



Sketch of proof

Generalization to other groups

1 > A/ > H’ > K > 1
(R
1 > A > H > K > 1
$K|A i/{
G — G&r

° A— Hwith AC Z(H).
o HS GEr
> K is surjective,

> K|a is surjective, and
> ker(r|a) contains no tori.

A twisted nonabelian Hodge correspondence




Sketch of proof

JEID.

Generalization to other groups

1 > A > H' > K > 1
(R
1 > A > H > K > 1
$K|A i/{
G — G&r

H-bundles twisted by o € H?(X, A).

acim {H*(X,A) = H*(X,A)}.

They induce untwisted K-bundles.

H’-bundles twisted by lifts of a to H?(X, A’) in the proof.

A twisted nonabelian Hodge correspondence
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