Assignment 9
MATC34 — Complex Variables — Fall 2015

] SOLUTIONS

Question 1 Evaluate the integral using residues
< 2dt
e [T
o tt+1

Solution Consider )

&=
evaluated along the half circle of radius R with positive orientation, i.e.

vy={z:]z] = R, Argz € (O,W)}U{z=x+iy:y:0,|x| < R}

=7 =Ya

Thus we see as long as R > 1, we have two roots of z% + 1 living inside the contour, specifically z = %,

and they’re obviously simple. Therefore the residue theorem allows us to conclude

Lf(z)dz = [h f(z)dz + 5 f(z)dz = 2mi {Res (f, 1\;) -+ Res (f, _1;2_1”

Jordan’s lemma with an obvious bound of Mg = const/R gives us

lim f(z)dz=0
R—o00 ~o

If we write out the other component, we see

R— o

lim LT f(z)dz =21
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Question 2 Evaluate the integral using residues

[ cos(z)dx
b= /_oo @ +9)(@” + 4)

Solution Consider ]
elZ
1z) = (22 +9)(22 +4)

evaluated along the half circle of radius R with positive orientation, i.e.

y={z:l2l =R, Argz€ 0,m)}|J{z =2 +iy:y=0,]z| <R}

=Yo =z

We see as long as R > 3, we have that z = 3i,2¢ are simple poles of f(z). Therefore

/ F(dz = [ f2)dz+ [ Fl2)dz = 2mi(Res(f,30) + Res(f, 2i))

Y

Jordan’s lemma with the obvious bound of My = const/R? gives us

lim / f(z)dz=0

R—o0

The other component can be written as

. A cos(x)dx [ sin(x)dx B Y sin(x)dx
éﬂ&A f(z>dz_/_oo (@2 1 9)(c? + 4) +’/_Oo @2 1 9)(a? + 4) _12“/_00 (@2 +9)(e? + 4)

Thus we simply need the real component of the residues to compute the integral, we see

I, =R [2mi (Res(f, 3i) + Res(f, 2i))]

=R {27”' (zli—>n?>li(z —39) 130G -3 —20)(=+2i) Jim (= - 20) (2 +3i)(z — 3i)(z — 20)(z + 2@))]

e3 e2
=R |2
{m<6i><i><5i+5i><—i><4z’)}

e 2 e 3
=TT _— —
( 10 15 )

Question 3 Evaluate the integral using residues

*° zsin(ax)
13 = /(; mdﬂ;, a>0

Solution Consider )
Zezaz
10 =25

evaluated along the half circle of radius R with positive orientation, i.e.

y={z:ll =R Argze 0,m)}J{z =2 +iy:y=0,]z| <R}

=g =Y
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We see as long as R > |b| we have that z = i|b| (|b| > 0) is a simple pole of f(z) inside the contour. Thus
/ Fdz = [ f(2)dz + / F(2)dz = 2miRes(f, ilb])
8! Yo Y0
Again we apply Jordan’s lemma with the obvious bound Mz = e~*%5n() we see that

lim f(z)dz=0
R—o00 ~o

Writing out the other component, we see

R R . R,
x cos(ax) ) xsin(ax) ) x sin(azx) )
. (Z)dz = /7R Wdl’ +Z /7R mdz = 2’1,/0 de — 2’1,]3

odd even

in the limit as R — oco. Thus we see

etaz ,ﬂ.efa\b|

Is = wRes(f,ib]) :Wzl_igllb‘(zfz'\bDZQ_'_bQ =— |b| >0

When b = 0, we see that it’s an integral we’ve already computed. Namely

/ sm(aa:)dx :/ sin(y) dy = T
0 0

x Yy 2’

Thus we conclude

*° zsin(ax) me—all
dx = 0, beR
/0 2242 X 5 a >\, S

Question 4 Evaluate the integral using residues

[ sin(x)
L _/0 x(z? + 1)dx

Solution Consider

eiz
&=y
evaluated along the half circle of radius R with a small upward arc of radius € avoiding the issue at 0z = 0 (with

positive orientation of course) i.e.

v={z:]2| = R, Argz € (077r)}U{z:x+iy:y:0,e< |z] <R}U{z:|z| =¢, Argz € (0,m)}

=70 =Yz =e

Aslong as R > 1 > ¢, we'll have the simple pole z = i inside the contour, thus
/f(z)dz = f(z)dz+/ f(z)dz+/ f(z)dz = 2miRes(f, 1)
¥ Yo Ya Ve

Jordan’s lemma with a simple bound like Mg = const/R? tells us that

lim f(z)dz=0
R—o00
Yo

We see taking the limit of ¢ — 0 doesn’t affect the other two components much since

0 0 icet? 0
i . € . . .
/y f(Z)dZ = A f(Geze)Ele 0d9 = /ﬂ— mld& — ‘/Tr idf = —7i
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in the limit as € — 0. Now we simply have to take the imaginary part of the integral on the x axis since

R .
lim %/ f(z)dz :/ Slrzlﬁdw — 21
e—0 Y _R g;(x + 1)

[ ———

even

in the limit as R — oo. Now if we put everything together, we see that

Q:w(;+R%U@):”(;+?yz_”d;iD>ZW(L;fj

Alternate Solution Use a partial fraction decomposition on the integral to obtain

° sin(x) [ sin(x) /°° xsin(z)
/0 :c(x2+1)dx_/0 z de o x2+1dx

Now use the general formula from the previous question, i.e.

/°° msin(ax)dx _ e albl 0>0, beR
0 x2 + b2 2

Take a = 1 then b = 0 for the first and b = 1 for the second, we see

Question 5 Evaluate the integral using residues

/’T dt
L= ———
o 10+ 8cos(t)

Solution Notice the integrand can be extended to

/“ dt N 1/2“ dt
o 10+8cos(t) 2/, 10+ 8cos(t)

Now let’s change back to z coordinates using z = e, v = {z : |z| = 1}, we see

z+1 241 -
cos(t) = TZ =7 2+ , dr = dt
z z

Thus

T dt i dz
A]UHMM@Z_LA&+K%+U
f(2)dz
We check the roots of the denominator,

54425 21  —5+3

2:245242=0 = z=
240z + 4 1 1

Thus the only pole inside the domain is z = —1/2, and it is simple. Therefore

1

/ A omiRes(f,—1/2) = & lim (2 +1/2)
o 4 z5-1/2

10 + 8 cos(t) 4 (2 +8/4)(z+1/2)

s

6



