Assignment 7
MATC34 — Complex Variables — Fall 2015

] SOLUTIONS

Question 1 Find the principal part of the Laurent Series and identify the residue for
sin 22
f(Z) - 23(1 +Z)

at z = 0.
Solution We know the power series for sin z and 1/(1 — z) already, so we have for free that
56
sinz? = 22 — = 4+ 0(z'Y)

3!
1

- —1- 2
152 z4+ 0(z%)
Thus by simple multiplication we see
L2
sin z
1 s 20 10 2
=3 —§+(9(z ) ) (1 =2+ 0(z%)
1
= 2 —1+ 2+ 0(2?)

~~

principal part

Thus we can read off the principal part, and we see the coefficient on the 1/z term is 1, which is also the residue
of f(2) at zp = 0. O

Question 2 Derive the Laurent series representation

e 1[G+ 1 1
(z+1)2_e(Z(n+2)!+z+1+(z+1)2>’ 271

n=0
Solution We first compute the power series of e* entered around z = —1 using the trick from last week. We
have
1 L= (z+1)"
z _ — z+1 —
€T e Z n!
n=0
Thus
e* IS (2412 1 [ (z+1)" 1 1
- = — _— = - 1
(z+1)2 e; n! e<ngo(n+2)!+z+1+(z+1)2 , 2F
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Question 3 Evaluate
1
/ cos (2> e'/*dz
|z]=1 z

Solution We know the power series representation about zy = 0 for both functions, thus we see

N (1ot oL Lot
() = (mgmro () (i m o ()

1 1 1

* er 222 * (z3>

/ dz | 2mi n=1
|z]=1 2" 0 n#l

1
/ cos <22) e'*dz = 2mi
|z|=1

As we already know, we have that

Thus we see

O

Alternate Solution Take a change of variables to the integrand, w = 1/z, we see dw = —dz/z?, therefore

1 1)z / Ccos (w2) ev
cos | — | e’?dz = ————dw
/|z|_1 <Z2) |lwl=1 w?

note the double negative via the change of orientation. By expanding out both terms into power series, we see

cos (w?) e _ 1 w? 4 w? 3 B 1 1
/w|—1 — dw = /|w|—1 o2 (1 — + O(w )> (1 +w+ -5 + O(w )) dw = /w_1 (11)2 + . + O(w)) dw

Thus we see

/ <u; + % + O(w)) dw = 2mi
Jw|=1

Question 4 Evaluate the integral using Cauchy’s Residue theorem.

exp(—z)
/C sin(z2 + z) dz
where C = {z : |z| = 3/2}.

z

Solution We know e~# is an entire function, thus we have to find the zeros of sin(z2 + z) ( i.e. the poles in

question) to apply the residue theorem. We see

—1++1+4nm

sin(z2(z+1)) =0 = 22 +z=nm, n€Z = z= 5

Since C' is just the circle of radius 1 centred at 0, we see 2 poles are inside, specifically at z = —1 and z = 0.

We calculate the residues:

_exp(—z) z - 1
Res(f,0) = lim P2 gy 2
S0 = I e ) AR (4 2) A @ r Doos(2 5 )
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. exp(—=z) ) e(z+1) ) e
=1 ) Pl A2 R P G e N | S
Res(f, 1) zinjl(z * )sim(z2 + 2) e sin(z2 + 2) P (22 4+ 1) cos(z? + 2) ¢

The residue theorem now tells us

/ mdz =2mi (1 —e)
c

sin(22 + z)

Question 5 Calculated the integral

/ ' cos(7z) &
o sin(mz) (1 + 24)
3+i +£3—i

where C' is the counterclockwise oriented rectangle with vertices at z; 2 = i2 , 234 = =5

)

Solution We see the poles of the function in question are given by

™

sin(mz) =0 = 2=k keZ & 1+z4:O:>z:exp(i4

+kg) k=0,1,2,3

If we check which poles lie inside C', we see the only poles we have to consider are z = 0,£1. We can now

compute the residues and use the residue theorem. Note that all the poles are simple, thus we have

. cos(7z) . z 1
R 0)=1 — 7 =] - -
es(f,0) zlg%)zsin(wz)(l + 24) 50 sin(mz) 7w
) cos(7z) . z£1 1
+1) = lim (e 1)) gy, 2El L
Res(f,+1) zgﬁl(z )sin(ﬂ'z)(l + 24) e} 2sin(rz) 27

Thus we have

_eos(T2) i (Res N (1) — i



