
MAT 495 HOMEWORK 2: INVARIANTS PROBLEMS

JACOB TSIMERMAN

Write up and submit any 4 problems with proofs by Friday, October 16th.
Homework should be submitted to Asif Zaman’s Mailbox, in the Bahen
center, Math office, or in class. Points will be deducted for missing cases,
gaps in the proof, algebra mistakes, and errors in reasoning, so please write
very carefully!

If you can’t solve 4 problems, you can submit partial work, but please do
not submit work on more than 4 problems.

1. Problems

(1) Show that you can’t tile a 9×10 board cannot be tiled by 1×6 tiles
(oriented horizontally or vertically).

(2) An m×n table is filled with numbers such that the numbers in each
row sum up to 1, and the numbers in each column sum up to 1.
Prove that m = n.

(3) There is a positive integer in each square of a 2 × 2 table. In each
move, you may double each number in a row, or subtract 1 from
each number of a column. Prove that you can reach a table of zeros
by using only these moves.

(4) A rectangular floor is covered by 2 × 2 and 1 × 4 tiles. One tile got
smashed, but we have one more tile of the other kind available. Is it
possible that we could retile the floor perfectly?

Hint: Experiment with various colorings!
(5) Jacob is playing hockey with 3 hockey pucks in an arena. Every

minute, Jacob will shoot one of the pucks through the other two
pucks. After 2015 minutes, can all 3 pucks return to the same posi-
tion they were in to begin with?

(6) A circle is divided into 6 sectors. The numbers 1,0,1,0,0,0 are written
into the sectors counter-clockwise. One may pick two neighboring
sectors, and increase the numbers in those sectors by 1. Prove that
after doing this many times, one cannot make all 6 numbers the
same.

(7) (Each part is worth 1 problem) On a circle there are several blue
points and several red points. It is allowed to add a red point and
change colors of its two neighbors, and also, if there are more than
two points, to remove a red point and change colors of its former
neighbors. Suppose that initially there were 2 red points and no

1



2 JACOB TSIMERMAN

blue points. Prove that it is impossible to obtain a configuration
consisting of:

• Initially there is a pile of 2017 chips on a table. We are allowed
to throw away one chip and divide the pile into two (not nec-
essarily equal) piles. Then the same can be done with any pile
containing more than two chips, and so on. Is it possible to get
only the piles consisting of three chips?

• 3 blue points and 2 red points;
• (Hard!)2 blue points and no red points.

(8) On a board the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 are written. Every
minute you erase two of the numbers, say a and b, and write the
number ab+ a+ b. After 9 minutes just one number remains. Prove
that the number obtained does not depend on your choice of moves,
and determine this number.

(9) (Hard!)A regular (5 5)-array of lights is defective, so that toggling
the switch for one light causes each adjacent light in the same row
and in the same column as well as the light itself to change state,
from on to off, or from off to on. Initially, all the lights are switched
off. After a certain number of toggles, exactly one light is switched
on. Find all the possible positions of this light.


