
MAT 495 WEEK 9: GEOMETRY

JACOB TSIMERMAN

These are way too many problems to consider. Just pick a few problems
you like and play around with them. You are not allowed to try a problem
that you already know how to solve. Otherwise, work on the problems you
want to work on.

1. The Hints:

Work in groups. Try small cases. Plug in small numbers. Do exam-
ples. Look for patterns. Draw pictures. Use LOTS of paper. Talk it over.
Choose effective notation. Look for symmetry. Divide into cases. Work
backwards. Argue by contradiction. Consider extreme cases. Modify the
problem. Generalize. Don’t give up after five minutes. Don’t be afraid of a
little algebra. Sleep on it if need be. Ask.

1.1. Some problems to get you started:

• Given 4 points on a circle, prove that some 3 of them lie on a close
semi-circle.

• What is the maximum number of points with integer co-ordinates
that can lie on a circle in whose centre has irrational x co-ordinate?

• Determine the length of the shortest path from the point (3, 1) to
the point (9, 4) that touches the x-axis at least once and touches the
y-axis at least once.

• A fly is walking on the 6 edges of a tetrahedron. Three spiders are
also walking on the edges of the tetrahedron. They are trying to
catch the fly, but they are blind. The spiders are also 5% faster than
the fly. Devise a strategy for the spiders to catch the fly.

• (Harder, but fun!) partition all of 3-dimensional space into (infinitely
many)disjoint circles.

1.2. Geometric Combinatorics Problems.

(1) Give an example of 6 points on a sphere such that no 5 of them lie
on a closed hemisphere.

(2) Find the minimum perimeter of a triangle with one vertex at (10, 17),
one vertex on the x-axis, and one vertex on the y-axis. You may
assume that such a minimum exists.

(3) Given 5 points on a sphere, prove that some 4 of them lie on a closed
hemisphere.

(4) Show that there is no equilateral triangles whose vertices all have
integer co-ordinates.
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(5) (Sylvester’s theorem) Prove that if S is a finite set of points in the
plane, not all of which lie on a line, then there is a line that passes
through exactly two of those points (hint: consider all lines that go
through at least two of the points in S, and consider the smallest
positive distance from a point in S to one of those lines).

(6) Let f be a real-valued function on the plane such that for every
square ABCD in the plane, f(A) + f(B) + f(C) + f(D) = 0. Prove
that f is identically 0.

(7) Dissect a unit square into some finite number of pieces, and then
rearrange them into a unit diamond by translating the pieces (and
not rotating them!)

(8) let F be a collection of disks that cover a closed unit square S. Prove
that I can pick some subset D1, D2, . . . , Dn of disks from F such that
any two of them disks are disjoint, and if Ei is a disc with the same
centre as Di but whose radios is bigger by by a factor of 3, then the
union of the Ei is F .


