Dror Bar-Natan: Academic Pensieve: Talks: Toronto-1811: SL2Invariant.nb 2018-11-16 14:55:06

Pensieve header: The full $sl_2$ invariant using the Drinfel’d double. Based on
Projects/SL2Invariant/SL2Invariant.nb.

Program

Program

Utilities
Inf+]-= $k = 2; (xhA=y=1;%)

Canonical Form:
Program

Inf+]:= CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[& ] := ExpandDenominator@ExpandNumerator@Together[
Expand[&] //. e & » & /. & » eFlX] ];

The Kronecker 6:

Program

Inf]:= K& /: Ké; ; :=1If[1===73,1,0];

Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands for &"*° P:
Program

Inf+]:= E/:E[L1_,Q1_,P1_]=E[L2 ,Q2_,P2 ] :=
CF[L1 == L2] ACF[QI == Q2] ACF[Normal[P1 - P2] == O] ;
E/:E[L1 ,Ql ,P1 ]E[L2 ,Q2 ,P2 ] :=E[L1+L2, Q1+Q2, P1+P2];
E[L ,Q ,P lg :=E[L, Q, Series[NormaleP, {e, 0, $k}]1];

Program

Zip and Bind

Variables and their duals:

Program

In[«]:= {t*, b*, y*, a*, x*, z*} = {z, B, n, a, §, E};
{t*, B*, n*, a*, &, "} = {t, b, y, a, X, z}; (u_'i_)* t= (U*) i

Finite Zips:

Program

Inf+]:= collect[sd SeriesData, & ] := MapAt[collect[#, ] &, sd, 3];
collect[&s , £ ] := Collect[s, £];
Zip [P ] :=P; Zipge,es 3[P_] :=
(collect[P // Zipiry, £1 /o f . &% 2 8o, yf) /. £* > O

QZip implements the “Q-level zips” on E(L, Q, P) = Pe**?. Such zips regard the L variables as scalars.
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Program
ne1=  QZipgs 1ist@E[L_, Q_, P_] := Module[{(Z, z, zs, c, ys, ns, qt, zrule, Q1, Q2},
zs = Table[Z*, {&, {5}1;
c =0 /. Alternatives ee (g’sU zs) - 0;
ys = Table[d. (@ /. Alternatives eezs - @), {&, ¢5}];
ns = Table[d, (Q /. Alternatives ee s - @), {z, z5}];
qt = Inverse@Table[Ké&, -~ - 0,,:0Q, {&, &5}, {z, z5}];
zrule = Thread[zs » qt. (zs +ys) ];
Q2 = (Ql =c+ns.zs /. zrule) /. Alternatives ee zs - 0;
CF /@ E[L, Q2, Det[qt] e ¥ Zips[e® (P /. zrule)]] |;

Upper to lower and lower to Upper:

Program
= U21 = {B‘é’:' > e PRYbL BP @ PRYE, TR, PR TP, PR A 5 PV, A ep"“};
12U = {ec_. b; +d_. 5 BEC/(ﬁ)’) ed’ e’-* b+d_. . B-c/ (aYy) ed’
e’-- ti +d_. N Tf’:‘/ﬁ ed" e’-- t+d . N TC/II ed’
e‘-* a; +d_. . \7{5/7 ed, e’ a+d_. . 5’(5/7 ed,
el = eExpand@a};
LZip implements the “L-level zips” on E(L, Q, P) = Pe**2. Such zips regard all of Pe? as a single”P”. Here
the Z’sare b and aand the {’sare Sand a.
Program

Inf+]:= LZips 1ist@E[L_, Q , P_] := Module[{g’, z, zs, ¢, ys, ns, 1t, zrule, L1, L2, Q1, Q2},
zs = Table[Z*, {&, ¢5}1;
c =L /. Alternatives e@ (g’sUzs) - 0;
ys = Table[d, (L /. Alternatives eezs - @), {&, ¢5}];
ns = Table[d, (L /. Alternatives ee s -» @), {z, 25}];
1t = Inverse@Table[KS,, -+ - 0,,-L, {&, {5}, {z, z5}];

zrule = Thread[zs » 1t. (zs +ys)];
L2 = (L1 =c+ns.zs /. zrule) /. Alternatives ee zs - 0;

Q2 = (Ql =Q/.U21 /. zrule) /. Alternatives ee zs - 0;
CF /@ E[L2, Q2, Det[1t] ™" ¥ Zips[e'*% (P /. U21 /. zrule)]] //. 12U ];

Program
Inf+J:= By [L_, R ] :=LR;

Biis_y[L_E, R_FE] := Module[{n}, Times|[
L/.Table[(v:b|B|t|T|a|x]|y); > Vieis {1, {is}}],
R/.Table[(v:B|T|a|sA|E|n)sVoeis {i, {i5}}]

] 77 LZipioineeTable (B, trossamms)s (i (5131 // QZiPIoineeTable[(£mms,yrests (1, (i1 | 3

Bis___ [L_) R_] .= B{is} [L, R];
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Program
E morphisms with domain and range.
Program

In[«]:= Bis_List []Edl_-wl_ [L1_,Q1_,P1_], Ed2 »r2_ [L2_, Q2_, P2_]] :=
]E(dlUComplement[dz,is])-»(rzUComplement[rl,is]) @@B;; []E [le Ql) Pl] > E [LZJ QZJ PZ] ]3
Eq1 or1 [L1_, Q1_, P1_] // Ea2 5r2 [L2_, Q2_, P2_] :=
Brlndz []Edl-)l"l [L1) Ql.! Pl] > Edosr2 [LZJ QZJ P2] ]3
Ed1 »r1_ [L1_,Q1_,P1_ ] = Ed2 »r2_ [L2_, Q2_, P2_] *:
(d1 = d2) A (r1 =r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
]Edli-)l"li [Ll_) Ql_: Pl_] ]Ed27->r27 [LZ_) QZ_: PZ_] A=
E (d1yd2) -» (r1Ur2) @@ (]E [L1, Q1, PI] E[L2, Q2, P2] )S
Eqg o [L_,0Q 5P lsr :=Eg,-@RE[L, Q, P]gr;
E_[& __][i_] := {S}[1D;

Program
“Define” code
Define[lhs = rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each value of
Sk. Fancy Mathematica not for the faint of heart. Most readers should ignore.

Program

Inf+]:= SetAttributes [Define, HoldAll];
Define[def , defs__] := (Define[def]; Define[defs];);

Program

n-1=  Define[op_;; =&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [
SD [OPnisp,$k_tntegers BLOCK[{i, J, K}, Opisp, sk = &5 OPnis,sk] 13
SD[OPisp: op{is},$k]5 SD[Opsis__J op{sis}]_;
1 /. {SD - SetDelayed,
isp> {is} /. {i»i_,j->Jj_, k->k_},
nis - {is} /. {i » ii, j » jj, k » kk},
nisp - {is} /. {i»ii_, 3 3, k » kk_}

1111
Program
The Fundamental Tensors

Program

Inf+]:= Define[ami,j_,k = E(i,§}(k} [ (ai + aj) ak, (e_Yaj §i + f]) Xk 1]$k-‘

b, ok = E (i, 531k [ (Bi + B3) bis (M1 +15) Vi e(e*"-1)m y"],;k]

Program

Infe]= Define[Ri,j =

skl (1-e¥e2)* (hy;xg)k

= K (1_ekyeh)

E(}-(i,9) [Baj bi, AXjyi,

Jai]
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Program
ri= Define[Rij = Equq,j [-Rajbi, A Xjy: /By,
1+If[$k =0, 0, (Riij),sc1)sc[3] -
(((Res,33,0) s Ra2 (Res,ap,sc-a)sk) /7 (b au5amy,505) /7 (bmy,susamy,ang) ) 131]],
Pi,j =E(,jj-3[Biaj /B, ni &5/ hy, L+ If[$k = 0, 0, (P(y,4),9k-1) sk [3] -
(Ri,2 // ((Pga,33,0) sk (Ps,2),8k-1) ) ) [3111]

Program
Inf+]:= Define[asj = Ri,j~Bi~Pi,q,
Ei = ]E{i}"{i} [_ai i, -Xj Aj §i, 1+If [$k =0, 0, (g{i},$k—1)$k[3] _
((E{i},e)$k~Bi~aSi~Bi~ (E{i},$k_1)$k) [3] ] ] ]
Program

In[«]:= Define[bSi = Ri,1~B1~asl~Bl~Pi’1,
bs; = Ri,1~31~£1~31~Pi,1:
al;i,j,k = (R1,5R2,k) 7/ bmy .3 // P34,
bA;i,i,k = (Rj,2Rk,2) // amy 5,3 // Pi,3]

Program
In[«]:= Define[dmi,j_,k = (]E(i,j}—y(i,j} [Bi bi + ajaj, NiYi+ §j Xj» 1]
(aAi-u,z // aby,3,3 // E3) (bAj—y—l,—Z // bA—Z—)—Z,—3)) // (P-1,3 P_3,1 amy, 5,k bmi,—Z-»k) 5
dS; = E(i}5¢1,23 [Bibi+as @, niys+ &i Xz, 11 // (E1 aSz) // dmy 4,5,
da; 5k = (bAi—>3,1 aAi—)2,4) // (dm3,4—>k dml,zﬁj) ]
Program
In[«]:= Define[Ci = E )5} [0, 0, B%/Z e_neai/2]$k,
Ei = E5¢y [0, 0, BE]'/Z eheai/Z]sk,
Kink; = (Ry,3C) // dmy50 /7 dmys,
Kink; = (ﬁ1,3 Cz) //dmy o, // dm1,3->i]
Note.t==€a—-ybandb==-t/y+e€aly.
Program

1= Define[b2ts = Eqiy,pay [ouai-Biti /¥, §iXi+niyi, e P2/¥]
t2b;s = Egiyo) [0 @i - Taybi, §i X +miyi, e 2] ]

Program
n1-  Define[kRs,j = Ry j // (b2ti b2tj) /. ti - t,
kR;,j = Ri,5 // (b2t; b2ty) /. {tijj->t, Tyj-T},
kms, ok = (t2bs t2b5) /7 dmy s /7 b2t /. {ti>t, T > T, T35 > 0},
kCi =C; // b2t; /. Ti > T, kCi=Ci //b2t; /. Ti»T,
kKink; = Kink; // b2t; /. {t;->t, T;i > T},
kKink; = Kink; // b2t; /. {ti>t, T; > T}]
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Testing

Inf+]:= HL[& ] := Style[&, Background - Yellow];
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Inf+]-= Block[{$k =1}, {
am - amjj,k, bm - bm; 5.k, dm - dm; 5.k, R > Ri,5, R> Ry, j, P> Pi 5,
asS - aS;, aS -» aS;, bS » bS;, bS -» bS;, dS - dS;, aA -» al;j,g, ks bA - bA; 5k,
da - da;4,ks C - Ci, C - Ci, Kink » Kink;, Kink » Kink;, b2t - b2t;, t2b » t2b;

2

Column
am —» E{i,j}a{k} [ak (og + O(j) » Xk <@77aj &y + §j) k) 1]

bm = E (1,450 {bk (Bi+B3)s Y (ni+715) 1-YkBi 77j€+0[€12}
dm = E 1,4}k [ak Q4 + ag aj + by By + bk By,

1
h Ay Ay
(hyk AL A N1+ A Y Ay Ny + A Xk A 1 + AL A3 N3 €1 - B AL Ay Ny E1 + h X Ay A5 &5)

1+ 4h;_ﬂ_ (*41}7)0(5*’{3' Binj-48 XA By Ei+Ayh2 X Y4 Ei +
i A

AnagBe A A5 Ny Ei+2 v hy A3 N5 E1 -6 v B Yk Ay ng i+ 2y A X A3 1y €5 -
6 NBy X A nj EF+ v A A5 3 E3 -4y B Ay Ay nd €3+ 3y BE A Ay nf £3) e +0[€)?]
(v 7 X3 yi) e+0[e]?]

1

R > ]E{}—>{i,j) [ﬁ aj bi, hXj Vi, 1- 4—

4n%ajBixjyi+3vynixiy?) e
482

R->E(53,5) [—h aj by, —h);yi, 1- ( +0[6]2}
B . Es 22

P Eqs,gy.p [, 5, 14 H05< 4 01e]?]

aSe]E{iH{i} ai Oy, —xiﬂi§i,1+%(—Zhaixi?{igi—yfzx%?@ﬁ)e+0[e]2]

aS > E )54} |~ @1 Qis ~Xi A iy 1+% (2Yflxi?fi Ei-2ha;X; A &1 -y hx} A2 55) €+0[€]2]

B; 2 B?

bi 3 _Yimioq (2yhBiyini-2Biyi Bini-yhyind) e +O[€J2
iPis ) 2
B; 282
bi Bj “hys Asni-hBy X A E5+A5 N3 £5-B3 A 0 &5
iPis hE:
1

(4vn?Biyi Aini-4hBiyi A Bini -2y h>yi A i -4h?ai BI x;s A &1 -4 hBE i Ay By i -

E% E{i}ﬁ{i}

[_
[_
bS%E{iHm[—bi By, —wm g, (-2BiyiBini-—yhyini) e +0[e}2]
[-
[,

outf+ J= ds > Eysy|-91 a5 -

3

1
4nB?

4vhBi AN E1+4haiBi AN E1+4vhB2A; N §1 -4y h2Bi Xy yi A2 ny &1 +
4By A3 BiNi 1 -4BE A BiNi E1+6vhyi NG & -2y hBiys A ng & -2y h?BIxE At €+
6y nBixs ANy 2 -2y hBIxs Ay 3-3yAnt i+ A4y BiAn? E-vBIAn? &2) e+ 0[€)?]

1+

al > Efi), 3,k (506 + a0y X5 E3+ X 1, 1+ 3 (~2hayxc €+ v hixgxc €3) €+ 0[€]?]
ba - Eqiys,1 [bj Bi+bkBi, Bkyjni+Ykni, 1+ %Yﬁ Bk Y5 Yk 77§€+0[€]2}
dA = Eiys5,k [aj o +ag aj + by Bi + by By,
Yini+BijYeni+X5 &1+ Xk €1, 1+i (Yf’lBijykW%—Zﬁaj Xk i + ¥ I X Xké%) €+0[€]2]
C>Eq (e, 0, VB -1 (hai\/E) e+0[e]?]

Co>E;1, |0, 0, =+ 22 ,0[e]2
[0, 0, A= i ole)

Kink - E{}543 [h ai bi, hxiyi,

2nai-yh*xty?) e +0[€]2]

1
.
</ Bs 4/B;
e VA _ . B2_4 72 3: Bs X: Vi — 32,2
KinkeE{}%{i}[—ﬁai bs, _L?n’ /B; + (-2ha;B2-4h*a; By xiyi-3vn®xiy}) e +0[€]2}

48Y?

b2t > Ei)-1) (a5 as - Bfi, Yini+Xi&i, 1+ i‘ﬁyé +0[e]?]

t2b > E(iyoqi) (@300 - v by Ti, Yini + X3 §1, 1+a5 T3 € +0[€]?]

Check that on the generators this agrees with our conventions in the handout:
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nf-}= Timinge
{{" [a,x]" > ((]E{}-)m,z) [0, 0, a2 x1] // am1,2->1) [3] - (]E{)a(l,2} [0, 0, a1 x2] // am1,2->1) [3] ) >
"[b,y1" > ((Eq3s01,2)[05 @, Y2 b1l /7 by 5,1) [3] - (E(y501,2) [0, @, Y1 ba] /7 bmy5,1) [31) ]} /.

Z 1Z,

{"aly1"
"A[b]"
"Afa]"
"ATX]"

- Last[E .1, [0,
- Last[E .1, [0,
- Last[E;,1,[0,
- Last[E .1, [0,

0, y1] ~B1~bAy,1,5],
0, by] ~B1~bAy,1 2],
0, a1] ~B1~alA1,1,2],
0, X1] ~B1~aA1,1,21},

"S(a)" > ((Eq-1) [0, @, a1]1 ~B1~aS;) [31),
"S()" > ((E(-(1) [0, @, X1] ~B1~aS;) [31),
"S(b)" > ((E(y-(1) [0, @, by] ~B1~bS;) [31),
"S(Y)" > ((Eg-c1) [0 @5 y1]1 ~B1~bS1) [3])
} /eZ 4> z}
our - {0.90625,
{{la;x] > -xv, [byy] > -ye+0[e]’}, {Aly] > (Bay1+ya2) +0[€]?, A[b] - (by+by) +0[€]?,

Alal » (a1 +ay) +0[€]3, A[X] » (X3 +Xz) ~ha; Xy e+ lf12a§x262+0[e]3}, {s(a) »-a+0[e]?,
2

> ole)*}})

S(X) »-X-axhe-
B

(ath2> €2+0[e])?, S(b) »-b+0[€e]3, S(y) > -

N |

Hopf algebra axioms on both sides separately.
Associativity of am and bm:

1= TimingeBlock [ {$k = 3},
HL /@ { (amy 2,1 // amy 3,1) = (amz 3,2 // amy 2,1), (bm1,2->1 // bm1,3_,1)

]

{0.140625, {True, True}}

= (bm2,342 // bml,Z—»l)}

Out[«]=

R and P are inverses:

In[»]:= Timing@Block[{$k = 3}, {Ri,jJ Pi,k: HL[(Ri’j // Pi,k) = IE{k}_,{j) [aj Qi Xj ks 1] 1}1

1 1 1
Outf+J= {@.125, {E{}e(i,j) [ﬁ aj b;, hxyyi, 1- Z (Yfﬁ x% yf) € + ;YZhS x;? yg+ 3—2Y2ﬁ6 xé}y‘i1 e? 4

1
E(Z4y3h5x§y§—72y3h7x§y‘{—327/3h8 x§y§—3y3h9xgy§) e3+0[e}4},
gk vnike (36202 n} ¢ + 402 hng & + 92 Nt &¢) €2 1
> s Lt + -
il 4n 288 n2 1152 A3
(48’ n*ni & -192 nP n} §-156 > 1’ nt €k - 40 hng & -3y n§ &F) €2+ 0[e]?], True}}

ok Bi
E{i,kh{}[

as and aS are inverses, bs and bS are inverses:

Inf-]:= Timing[HL /e { (51 // 351) = Eq1yoq1y [a1 a1, X1 61, 1], (E1 // b51) = E(13-(13 [b1 B15 Y1711, 1] }]

ouf-]= {@.359375, {True, True}}

(co)-associativity on both sides
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Inf+]:= Timing[
HL /e {(3A1->1,z // ahy,3,3) = (Al1,1,3 // Al1,1,2) (bA1->1,z // bAzqz,s) (bA1_>1,3 // bA1_,1,2) >
(amy 5,1 // amy 3,1) = (amy 3,2 // amy 2,1), (bm1,2->1 // bm1,3->1) = (bm2,3->z // bm1,2->1) }]

our - {0.421875, {True, True, True, True} )

A'is an algebra morphism

= Timing [HL /@ {(amy,z.1 /7 @A141,2) = ((3A151,3 @A550,4) // (AM3,a.7@M5,5.1) ),
(bmy,z,1 /7 bA1L1,2) = ((bA141,3D8252,4) /7 (bis,asp bmyos)) }]
ou-]= {0.828125, {True, True}}

An explicit formula for aS;

Inf+]= Timing@Block[{$k =4}, HL[aSi = |E(i}»(i,j) [—ai a5, -&i Xi,

efiX (-hye)k

Sum [ Expand | -
2%k !

Nest [Expand [x} 0x,,2, #] & e &< "x, k]], (k, @, $k}] lsi 77

am; 5,3 ]]
our-- {3.15625, True}

Sis convolution inverse of id

1= Timing [HL[# = E(1),(1, [0, 0, 1]] & /@ {
(a81,1,2~B1~aSy) ~By,~amy 5,1, (ab1,1,2~B;~aS;) ~By,2~amy 2,1,
(bA1->1,z~Bl~b51) ~By,o~bmy 5,1, (bA1->1,2~Bz~b52) ~Bl,2~bm1,2-»1}]
ouf-]= {@.59375, {True, True, True, True}}

But not with the opposite product:

1= Timing[Short[# = E1),(1,[0, 0, 111 & /@ {
(3A1->1,2~Bl~351) ~Bg,2~amy; 1,1, (aA1->1,2~Bz~352) ~Bi,2~amy 1,1,
(bA1->1,2~31~b51) ~By,2~bmy 1,1, (bA1->1,2~Bz~b52) ~Bl,2~bmz,1-»1}]

1
our - {0.640625, {; (-2venxg B E1+¥2€? NP Xy Ay &1 -2y <b> A &1+ 2y 2 X{ A £F) = O,
(—Zyeﬁxl.&—yzezhle§1+2y262ﬁ2x%§%> =0,

-2yehBiyin+ <<4>
(-2yenyinm-y?e?n’yim+2y*e*n’yini) = e, - =0}}
1

Sis an algebra anti-(co)morphism

In[«]:= Timing[HL /e {aml,z_,1~B1~aS1 = (a51 aSZ) ~B1)2~am2,1_,1, bml,z_,1~Bl~b51 = (b51 sz) ~B1)2~bm2)1_,1,
aS; ~By~aAj,1,2 = aA1,2,1~B1,2~ (351 a52) 5> bS1~By~bAi,1,5 = bA1,;,1~By 5~ (bsl sz) }]

ou-]= {0.890625, {True, True, True, True}}

Pairing axioms
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In[+]:= Timing[HL /e { (bm1,z-»1 E(3)-3) [a3 a3, §3 X3, 1] ) ~B1,3~P1,3 =
( E (1351} [B1 b15 n1 Y1, 11 E(a35¢23 [B2 b2y m2 Y2, 1] aA3-»4,5) ~B1,4~P1,4~B3,5~P3 5,
(bA1->1,z E(3),¢3) [a3 @3, §3 X3, 1] E(4y,(4) [0a A4, E4 Xa, 1]) ~B1,3~P1,3~B3,4~P3,4 =
( E (1351} [B1 b1, n1y1, 1] am3,4->3) ~B1,3~P1,3 }]
ouf-]- {0.40625, {True, True}}

= Timing [HL /@ { ((bS1E(2).(2) [@2 32, §2 %25 11) // P1,2) = ((Eqa)oqa) [Bi b1, nays, 11aS;) // Pa2),
(E1 E(2)5¢2) [a2 @2, &2 X2, 1]) ~B1,2~P1,2 = (IE{1}_>(1} [B1bi, n1y1, 1] Ez) ~|31,2~P1,z}]

ouf-]= {0.265625, {True, True}}

Tests for the double.
Check the double formulas on the generators agree with SL2Portfolio.pdf:

Inf+]= Timing@{{
"l[a,y]" >
((E(301,2)[05 @, Y2 81] ~By,2~dmy,2,1) [3] - (Egyoq1,2 [0, @5 y13;] ~By,2~dmy 5,1) [31),
"[b,x1" > ((Eqs(1,2)[05 @5 Xa b1] ~By,p~dmy,5,1) [3] -
(E{}-»{l,Z} [0, 0, X1 b,] ~B1,z~dm1,z->1) [3] ) s
"xy-qyx" = ((E(-(1,2)[05 @, X1Y2] ~By,2~dmy,2,1) [3] -
(1 + G) (]E{}—>{1,2) [0, 0, y1X3] ~B1,2~dm1,2->1) [3])
} 7. {z_1 > 2} // Expand // Factor,
{
"A(a)" - ((]E(}—»(l) [0, 0, a1] “‘Bl“‘dAl—»l,Z) )
"A)" > ((Eqy2)[05 @5 X11 ~Byi~dAg,1,2) [3]),
"A(b)" - ((]E{}-»u} [0, 0, b;] ~B1~dA1-»1,2) )
"A(Y)" > ((Eqy-1) [0 0, Y11 ~B1~dAg,;,2) )
} 77 simplify,
{
"S(a)" -» ((]E{}-»{l} [0, 0, a;1] ~B1~d51) [3] ) ’
"S(X)" > ((E(y1)[@5 @5 X1] ~B1~dS;) [3])
"S(b)" > ((E(y-(1) [0, @, by] ~B1~dSy) [3]),
"S(Y)" > ((E-1)[05 @, y1]1 ~B1~dSy) [3])
} 7. {z_y > 2} // Simplify

k)

}

our- - {7.4375, {{[a,y] > -y¥+0[e]?, [b,x] > xe+0[c]?,

1-B+xyh 1
Xy-qyX - —nyr;y +(aB-xy+xyyh)e+— (-a’Bh+xyy*n*) e?+0[e]’},
2

1
{a(a) > (ar+ay) +0[€]?, A(X) > (X3 +X3) —hayxae+ —h?alx;e*+0[e]?,
2
A(b) - (by+by) +0[e]?, A(y) - (y1+B1ya) +0[e]’},

{s(a) »-a+0[e]?, S(x) » -x-axhe-— (a®xh?) e?+0[e]?,

N |

a ¥2n?) e?
S(b) > -b+0[e]?, S(y) - -2+ LL1E y )
B

_ 0 3
- o5 o)

(co)-associativity
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Inf+]:= Timing[
HL /e { (dA1->1,2 // dAz-»z,s) = (dA1->1,3 // dA1->1,z) s (dm1,z->1 // dm1,3->1) E (dm2,3->2 // dm1,2->1) }]
ouf-}= {7.3125, {True, True}}
Ais an algebra morphism
imf-j= Timing@HL [dm1,2->1~31~dA1->1,2 = (dA1->1,3 dA2->2,4) ~B1,2,3,4~ (dm3,4_,2 dm1,2->1) ]
our - {8.14063, True)
S, inverts R, but not S;:

In[e]:= Timing@{R1)2~B1~d51 = ﬁl,z: HL[R1,2~B2~dSZ = EI,Z]}

1
outf- = {0.71875, {E(4yeh2 BIx,y1-2v2e?n®B2x,y1+4vethnaB2x,y; +
1

8y e’ n*Bix3yi-4ve’nta;Bixiyi-3v* e’ h’ x3y3) =@, True}}
Sis convolution inverse of id
Inf[«]:= Timing[HL[#E ]E(l)—)(l} [0, 0, 1]] & /@
{(da1s1,2~B1~dSy) ~By,3~dmy 2,1, (dAgsa,2~Ba~dS;) /7 dmy 5,1}
ouf-]= {9.54688, {True, True}}
Sis a(co)-algebra anti-morphism

1= Timing[HL /@
Expand /e {dml,z_,1~B]_~d51 = (dS:l dSz) ~B]_,2 ~dm2,1_,1, d51~Bl~dA1_,1)2 = dAl—)Z,l ~Bl)2 ~ (d51 dSZ) }]

ouf--= {18.4219, {True, True}}
Quasi-triangular axiom 1:
inf-= Timing@HL[Ry1 2 ~B1~dA; ;1,3 = (Ry,4R3,2) ~By,a~dmy 4,5]
ouf-]= {@.75, True}
Quasi-triangular axiom 2:
1= Timing@HL[ ((dA1_,1,2 Rs,a) ~B1,2,3,a~ (dMy,3,1 dM2,4,5) ) = ((dA152,1Rs,2) ~B1,2,3,a~ (dis 101 dimg 55) ) |
ou-]= {7.54688, True}
The Drinfel’d element inverse property, (u1 Uz)~B12~dmj 51 = E[0, 0, 1]:

Inf«]:= Timing@HL[((Rl,z~B1~d51~31,2~dm2)1_,i) (Rl)z~Bz~dSz~Bz~dSz~Bl)2~dm2,1_,j)) ~Bi’j~dmi,j_,i =
E ()i [0, 0, 1]]
ouf-= {3.89063, True}

The ribbon element v satisfies v2 = S(u) u. The spinner C=uv~.. It is convenient to compute z= S(u) u™*
which is something easy.
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In[«]:=

Out[«]=

Inf- ]:=

Out[«]=

In[«]:=

Out[«]=

In[«]:=

Out[«]=

Inf-]:=

Out[~]=

In[#]:=

Out[«]=

Timing@Block [ {$k = 2},
( ( (R1,2"Bl~d51~31,2~dm2,1->i) ~Bi~dSi) (R1,2"Bz~d52"Bz~d52~31,2~dm2,1->j) ) ~Bi,j "dmi,j-»i]

+0[e]?]}

1 haje h?ate?
{4.125, E(}ﬁ{i} {0, 0, - + +
B; B; 2B;

Timing@Block[{$k =2}, HL /e { (Ci EJ) ~Bi,j ~dmi,j_,i = E(y50i3 [0, 0, 1], (El EJ) ~Bi,j~dmi,j_,i =
(((Re,2~By~dSy~By,;~dmy,1,;) ~Bi~dS;) (Ry,2~By~dS;~By~dS;~By p~dmy,1,5)) ~Bs, j~dm; 5,5}]

(4.90625, (True, True}}

Reidemeister 2:

Timing [HL[# = E(),1,2 [0, 0, 1]] & /@
{ (ﬁl,z R3,4) ~B1,2,3,4~ (dm1,3_,1 dm2,4_,2) s (Rl,z F3,4) ~Bi1,2,3,4~ (dm1,3—»1 dm2,4->2) }]

{5.51563, {True, True}}

Cyclic Reidemeister 2:

Timing@HL [ (R1,4 Rs,2 Es) ~Ba,4~dmy 4, ~By,3~dmy 3,1 ~By s ~dmy 5,1 = C1 Egy,(2) [0, 0, 1] ]

{2.14063, True}

Reidemeister 3:

Timing@HL [ ( (R1,2 Ra,3Rs,6) ~B1,a~dMy, 4,1 ~By,5~dmy 5,2 ~B3,6~dm3 6,3 ) =
((Ra,6 R2,3Ra,s5) ~By,4~dmMy 4,1 ~By,5~diMy 5,5 ~B3 ¢ ~dms 6,3) |

{6.10938, True}

Relations between the four kinks:

Timing[HL /@ {Kinkl = (R3,1 CZ) ~BL2~dm1,2_,1~B1,3~dm1,3_,i,
Kinkj = (ﬁ3,1 Ez) ~Bl,z~dm1,2_,1~31,3~dm1,3_,j, (Kinkl KinkJ) ~Bj_}j~dmj_’j_,1 = IE”_,{]_} [0, 0, 1] }]

{6.75, {True, True, True}}
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The Trefoil

Trefoil
Inf«]:= $k =2; Z-= kR1’5 kRs)z kR3_‘7 E4 kKinkg kKinkg kKinklg_;
Do[Z = Z”Bl,r"’kml,r—d: {r, 2, 10}];
Simplify /@Z /. v_, = v

Trefoil

T
ourr Eqyo1) [0, 8, ————+
1-T+T2
(Th (28 -1+ T-TaT8) o T ((102T-3T427) v-2 (147 xyvh) e) / (1-T4 7%
T (4a2 (1-T+T2)% (1+T-6T2+T2+T4) +
2 (1-T+T2)°

4a (1—T+T2) Y (T (2—5T+8T2—7T3—2T4+2T5) -2 (—1—2T+5T2—4T3+T4+2T5) xyh) +
¥? (T (1—2T+4T2—2T3+6T5—11T6+4T7> +4 (—1+2T+T3+T4+2T6—T7) Xyh+
6(1-T+T%)% (1+3T+T12) xzyzhz)) e?+0[e]?]
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