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Pensieve header: This is a pruned version of SL2PortfolioProgram.nb and SL2PortfolioTesting.nb from
http://drorbn.net/ap/Projects/SL2Portfolio/.

SL2Portfolio
Initialization / Utilities
SL2Portfolio

ner= $p =25 $k=1; $U=QU; $E := {$k, $p};

$trim := {8~ /;p>$p->0, € /5 k> $k-0};

an = e”°7;

T2t = {7 > eP?h, T 5 P2t}

2T = {eci. ti +b_. a5y Tg/h eb, et t+b_. . TC/R eb’ e’ eEXpand@&};

SetAttributes [SS, HoldAll];

SS[& , op_] :=Collect[
Normale@Series[If[$p > 0, &, & /. T2t], {A, O, $p}]1,
h, op];

SS[& ] :=SS[&, Together];

Simp[& , op_] := Collect[s, _CU | _QU, opl;

Simp[& ] := Simp[&, SS[#, Expand] &];

K6 /:Ké; ,; :=1If[i===3,1,80];

c_Integery, rpreger i= C+0[e]®;

SL2Portfolio

Inf+]:= CF[&_ ] := ExpandDenominatore
ExpandNumerator@Together [Expand[£] //. e~ e~ » e /. e » e lI];

SL2Portfolio
m-1=  Unprotect[SeriesData];
SeriesData /: CF[sd_SeriesData] := MapAt[CF, sd, 3];
SeriesData /: Expand[sd SeriesData] := MapAt[Expand, sd, 3];
SeriesData /: Simplify[sd SeriesData] := MapAt[Simplify, sd, 3];
SeriesData /: Together[sd SeriesData] := MapAt[Together, sd, 3];
SeriesData /: Collect[sd SeriesData, specs ] := MapAt[Collect[#, specs] &, sd, 3];
Protect [SeriesData];
SL2Portfolio
DeclareAlgebra

SL2Portfolio
1= Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};

(NCM = NonCommutativeMultiply) [x_] := x;
NCM[x ,y , zZ ] = (X*%xY) %% Z;
Oxx _=_*%x0=0;
(Xx_Plus) #*y_ := (#*xy) &/@x; x_#* (y_Plus) := (x*x #) &/@y;
B[x ,x ]1=0; B[Xx_ ,V ] = X*xY -y *%xX;
B[x_,y ,e_]:=B[x,y,e] =B[x, y];
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Inf+]:= DeclareAlgebra[U_Symbol, opts _Rule] := Module[{gp, sr, g, cp, M, CE, k = 0@,

gs = Generators /. {opts},

cs = Centrals /. {opts} /. Centrals -» {}},

(# =Uern) &/@gs;

gp = Alternativeseegs; gp =gp | gp ; (* gens x)

sr = Flatten@Table[{g —» ++k, gi - {i, k}}, {g, gs}]; (» sorting - =*)

cp = Alternativese@cs; (* cents =x)

SetAttributes[M, HoldRest]; M[O, _] =0; M[a_, x_ ] :=ax;

CE[& ] := Collect[&, U, Expand] /. $trim;

Ui [6]1:=6/. {ticpsti, uUs (# &) /eu};

Ui [NCM[]] =Ue{} =1y =UI[];

B[Ue(x )i ,Ue(y_): ] :=U;eB[Uex, Uey];

BlUe(x )i ,Ue(y_); 1 /; i=1=7 := 0;

B[Uey , Uex ] :=CE[-B[Uex, Uey]];

x_#% (c_.1y) :=CE[cx]; (c_.1y) #*x_ :=CE[cx];

(a_. Ulxx___, x_1) #* (b_. Uly_, yy___1) := If[OrderedQ[{X, y} /. sr],

CE@M[ab /. $trim, U[xx, x, ¥y, yy11,

Uexx xx CE@M[ab /. $trim, Uey xx Uex + B[Uex, Uey, $E]] xxUeyy 1;
ve{c_.=* (L:gp)™,r___}/; FreeQ[c, gp] := CE[cUeTable[L, {n}] »xUe{r}];
ve{c_ .xL:gp,r_ _} := CE[cU[L] **xU@{r}1];
ve{c_,r___} /; FreeQ[c, gp] := CE[cUe{r}];
ve{lL Plus, r___} := CE[Ue{#,r} & /e L];
ve{L ,r } := Ue{Expand[L], r};

U[&_NonCommutativeMultiply] :=U /@ &;
Oy[specs___, poly ] := Module[{sp, null, vs, us},

sp = Replace[{specs}, L _List = L1, {1}];

vs = Joinee (First /@ sp);

us =Joinee (sp /. L, = (L/.x_; »x));

CE[Total|

CoefficientRules[poly, vs] /. (p_-c_) » cUe(us’)
]] /e X_pu11 x];
Oy[specs___, E[L_, Q_, P_]] := Oy[specs, SS@Normal [P e'*?]];
(c /. (t:ep); »tjqrsy) UListee (u/. v_; » vy )]s
CE[((c /. (t: cp)j - t;) DeleteCases [u, _jjk]) **

UeeCases[u, w_; = W,| *x UeeCases[u, _.]];
U/: c_.xu Uxv_ U := CE[cu**V];
Si_ [c_.%u U] := CE[((c /. Si[U, Centrals]) DeleteCases[u, _i]) **
U; [NCM @@ ReverseeCases [u, x_; =» SeUex]]];
Ai 55,k [€_.#u_U] := CE[((c /. Aisj,x[U, Centrals]) DeleteCases[u, _;]) **

(NcMee Cases [u, x_; = 01,j,2-c@A@U@x] /. NCM[] - U[1)]; ]

ors __[Cc_. *xu_U]

mj o, [C_. % u_U]
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DeclareMorphism

SL2Portfolio

Inf+]:= DeclareMorphism[m_, U -V _, ongs List, oncs_List: {}] := (
Replace[ongs,

{(9_ »img_) =» (m[U[g]] = img), (g_ = img_) =» (m[U[g]] :=img /. $trim)}, {1}];

mily] = 1y;
m[U[g_; ]] := Vilm[Ueg]];
m[U[vs__]] := NCMee (m/@U /@ {vs});
m[& ] := Simp[& /. oncs /. u_U:smlul]l /. $trim; )

SL2Portfolio

Meta-Operations

SL2Portfolio
Infe]= ors [& Plus] := ops /@S5

m; ,; = Identity; m; ., [0] = O;
m; ,r [& Plus] := Simp[m;,. /@ &];
Mis  ,i,j -k [E.] t=mj @M i ,;@5;
Si [& Plus] := Simp[S; /@ &];
Ais  [& Plus] := Simp[Ais /@ &];

SL2Portfolio

Implementing CU = U(sl5°)

Infe]-= DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
Blacu, Yol = -¥Ycs; B[Xcs acu] = -¥ Xcus
B[Xcus You]l = 2€acy -t 1w;
(Seycy = -yeu; S@acy = -acu; S@Xcy = -Xcus )
S: [CU, Centrals] = {t; » -t;};
ARycy = CU@Y; + CU@Y,; A@acy = CURa; + CU@Ra,;; A@Xgy = CU@x; + CU@X;;
Ai i ,r [CU, Centrals] = {t; » tj+ ty};

SL2Portfolio
Implementing QU = Uq(sl%%)
SL2Portfolio

Inf+]:= DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
B[agu, Youl = - ¥ Yous BlXqu, aqul = -¥ QUex;
B[Xqus Youl :=SS[qn-1] QUe{y, x} +Oqu[{a}, SS[(1-Te2<??) /a]];
(S@yqu := Oqu[{a, y}, SS[-T*e"°?y]]; Seaq = -a; S@xq := Oqu[{a, X}, SS[-e"*?x]];)
Si_[QU, Centrals] = {t; » -t;, Ti > Ti'};
A@Yq := Oqu[{Y1s 31}1s {¥2}2, SS[Y1+Tie ™ % y,]];
A@agy = QU@a; + QUea,; A@Xq := Oqu[{a1, X1}1, {X2}2, SS[X1+e M x,]];
A;i ,i ,r [QU, Centrals] = {t; » tj +ty, Ti » T Ti};
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The representation p

SL2Portfolio

Infe]:= PRYcy = p@RYQ = (: g ); p@acy = p@aq = (g g)’

P@Xcy = (g ;), P@Xqu = (g (1“9_752)/(6f1) );

p[e™] :=MatrixExp[p[£]1];
10

pl& ] := (5/. T2t /. tsye/. (U:CU|QU)[u___]:Fold[Dot, (

), /@U@ (u}])

SL2Portfolio

tSW
SL2Portfolio
Goal. In either U, compute F= e~V e e™ e~%. First compute G = e** ye X, a finite sum. Now F
satisfies the ODE 8,F = 8,(€™" €"°) = —yF + FG with initial conditions F(n= 0) = 1. So we set it up and
solve:
SL2Portfolio
Inf+]:= SWyy [U_, RR_] :=
SWyy [U, kR] = Block[{$U = U, $k = kk, $p = Rk}, Module[{G, F, fs, f, bs, e, b, es},
G = Simp[Table[€* /k!, {k, @, $k+1}].NestList[Simp[B[xy, #1] & yu, $k+11];
fs = FlatteneTable[fy,; j,k[n], {1, @, $k}, {i, @, 1}, {j, @, 1}, {k, @, 1}1;
F=fs.(bs="Fs /. f_,i,j . [n]»e Ue{y’, al, x*});
es = Flatten][
Table[Coefficient[e, b] =0, {e, {F-1,/.n >0, FxxG-y,*xxF-0,F}}, {b, bs}]];
F =F /.DSolve[es, fs, n][11;
E[e,
Ex+ny+ (U /. {CU>-tn& Q- ng(1-T)/n}),
F+0Qg /. {e- > 1, U- Times}
] 7« (vin|€|t|T|yla|x)->w
115
tSWyy i ,j ok t= SWy [$U, $k1 /. {1 & m-my, (Vit|T|y|a]|x), > Ve}s
tSWya,i_,j ~k_ 2= E[ajak, €% € X, 1]

tsway,i_,j_—»k_ = E [ai a,, e ¥x nj Yes 1];

SL2Portfolio

Exponentials as needed.
SL2Portfolio

Task. Define Expy, 4[€, P] which computes €6 @) to € in the algebra U;, where € is a scalar, X is x; or y;,
and Pis an e-dependent near-docile element, giving the answer in E-form. Should satisfy
U@Expy, ¢, Pl == Su[et¥, x> O(P)].

Methodology. If Py := Pe=g and &5 %) = (4" F(§)), then F(§ = 0) = 1 and we have:

O(ef70(Po F(§) + 0¢F) = (0 €4 ™ F(§)) = 0 O(e* ™ F(§)) = D5 OF) = 62 %7 O(P) = Q€™ F(¢)) O(P).
This is an ODE for F. Setting inductively Fy = Fy_1 + e @ we find that Fy = 1 and solve for ¢.
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m-1= (% Bug: The first line is valid only if O (ef)=e®®). «)
(* Bug: & must be a symbol. )
Expy , ,e[<_, P_]1 := Module[{LQ = Normaler /. e - @},
E[SLQ/. (x|y)i~»0, £L0/. (t|a);~>0,1]];
Expy_, e [£ 5, P_] := Block[{$U = U, $k = k},
Module[{Po, o, os, F, j, rhs, ate, at&},
PO = NormaleP /. € -» 0;
@S =
FlatteneTable[¢51,42,3[ <1, {J2, @, R}, {j1, 0, 2k +1-32}, {j3, 0, 2k+1-3j2-31}];
F = NormaleLast@Expy,,..1[£, P] +€" vs. (¢s /. 055 [£] > Times @@ {y:, ai, xi}{jS});
rhs = Normale
Lastem;,j,;[E[£PO /. (x|y)i—>@, £PO/. (t|a), >0, F+0,] m,;@E[0, 0, P+0]];
ate = (# = 0) & /@ FlatteneCoefficientList[F-1 /. &£ >0, {yi, ai, Xi}1;
atg = (#=0) & /@ FlatteneCoefficientList[(0,F) +POF - rhs, {yi, ai, Xi}];
E[£PO/. (X|y)i~»0, PO /. (t|a),»0, F+0] /.
DSolve[Ande@e (ateUats), ¢s, £]M1]]

SL2Portfolio
Zip and Bind
SL2Portfolio
Inf]:= E/:E[L1 ,Q1 ,P1 ]=E[L2 ,Q2_,P2 ] :=

CF[L1 = L2] ACF[QI == 02] A CF[Normal[P1 - P2] == O]
E/:E[L1 ,Q1 ,P1 ]E[L2 ,Q2 ,P2 ] :=E[L1+L2,Q1+Q2, P1%P2];

SL2Portfolio

Inf<]:= {t*, y*, a*, x*, z*} = {t, n, a, &, L};
{t*s n*, a*, £, 8"} = {t, y, a, x, 2}; (u_i_)* t= (UY) s

SL2Portfolio
nop= ZApG[P_1 1= P5 Zips,s 3 [P_]1 i= (Expand[P // Zipisy] /. f_. &% 2 8(p,ayf) /. £* >0

SL2Portfolio

QZip implements the “Q-level zips” on E(L, Q, P) = Pe**?. Such zips regard the L variables as scalars.
SL2Portfolio

In[<]:= QZip;’s_List,simp_@E[L_J Q_J P_1 := MOdUIe[{§: z, zs, C, yS, 1ns, qt, zrule, Q1, Q2},
zs = Table[Z*, {Z, £5}1;
c=0Q /. Alternativesee (¢s5zs) - 0;
ys = Table[d. (Q /. Alternativeseezs » @), {&, ¢5}];
ns = Table[d, (Q /. Alternatives ee s -» @), {z, z5}];
qt = Inverse@Table[K&;, o~ - 9,,:0Q, {&, &5}, {2z, z5}];
zrule = Thread[zs » qt. (zs +ys)];
Q2 = (Ql =C+ns.zs /. zr‘ule) /. Alternatives ee zs - 0;
simp /@ E[L, Q2, Det[qt] e ® Zips[e® (P /. zrule)]] |;
QZipss rist 2= QZipss,crs
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SL2Portfolio

LZip implements the “L-level zips” on E(L, Q, P) = Pe**2. Such zips regard all of Pe? as a single”P”. Here
theZ’saretand aand the {’sare Tand a.
SL2Portfolio
Inf]:= LZipss rist,simp @E[L_, Q , P_] := Module[{g, z, zs, ¢, ys, ns, 1t, zrule, L1, L2, Q1, Q2},

zs = Table[&*, {&, £5}1;
c =L /. Alternatives ee (g’sUzs) - 0;
ys = Table[d, (L /. Alternatives eezs - @), {&, ¢5}];
ns = Table[d, (L /. Alternatives ee s -» @), {z, 25}];
1t = Inverse@Table[KS,, -+ - 0,,-L, {&, {5}, {2z, z5}];

zrule = Thread[zs » 1t. (zs +ys)];
L2 = (L1 =c+ns.zs /. zrule) /. Alternatives ee zs - 0;

02=(Q1=0/. T2t /. zrule) /. Alternatives ee zs - 0;
simp /@ E[L2, Q2, Det[1t] e>" @ Zips[e'*® (P /. T2t /. zrule)]] //. t2T ];

LZipss rist 2= LZipys,crs

SL2Portfolio
Inf+]:= Bind [L_, R_] :=LR;
Bind(is ,[L_E, R_E] := Module[{n},
Times |
L/.Table[(v:T|t]|a|x|y);~ Vieis {1, {i5}}],
R/.Table[(viz|a|&|nN)i= Vieis {1, {i5}}]
] // LZipriatteneTable[{tmei,anei}s{i,{ist}]1 7/ QZiDPFlatteneTable[{EreisYnei}s is{is}}] ]3
B, 1ist :=Bind;; Bis  :=Binds;
Bind[& E] := &;
Bind[Ls__, &s_List, R_] := Binds[Bind[Ls], R];

SL2Portfolio

Tensorial Representations

SL2Portfolio

Infe]-= tn=tl=E[0, 0, 1+0¢];

SL2Portfolio

nop= tmij L i= Module[{tk},
E[(ti+7tj) te+aiar+ajae, NiYe+&5Xe, 1]
(tSMWxy, 1,0tk 7+ {Tek > ths Tek = Tey Yik = @7 % Vi, Ak > Ay Xek > €7 X }) |5
m; ,p [& E] i= E~Bj p~tmj pps

SL2Portfolio
inf-1= My 2,3
SL2Portfolio

(1-T3) ma &

outf+J= IE[a3 ap+azop+ty (Ta+T2), ysm+e "Mysny+e "X &+ +X3 &2,

1
1+— & (8hasTa+de "™ VR yh’x3ys+2e M yhysn,-6e @ yhTsysn +
4 h

2e "y nx3E1-6e Py nTyxs E1+y M E1-4yTan &1+3y T3 &) €+0[e]?]
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SL2Portfolio

Inf+]:= S[U_, RR_] :=S[U, RR] = Module[{OE},
OE =m3,3,1.,1 [EXpqu,,$k [75 S1[QULY1]] /. QU - Times]
EXpqu,,sk [, S2[QU[a2]] /. QU -» Times] Expqu,,sk [€, S3[QU[X3]] /. QU » Times]];
E[-t1 vy + OE[1], OE[2], OE[3]] /. {n->n1, a > a1, £ E1}];
tS; :=S[$U, k] /. {(viT nla|&ai->Vvi, (vit|T|y|a|x),»>vi};

SL2Portfolio
inf-= tSq
SL2Portfolio
e’ Ay m-e’rhTixi &1 +eMmér-e’Timé
outf+ J= E[_al oq - t1 T1, »
hTy
1
1+ (Ae"yr?Tiyim-4e’ @ nPaTiyim-2e*" M ynPyini-4e’ ™ n*a; Tixy & -
4f1T§
4e’ynTimér+8e ™ hayTimér+4e’ @ yaTim & -4e® " yn? Tixiy1n1 &1+
6e’ M ynyiniEr-2e2 My aTiyini&-2e? "y 2 Tix} €3+ 62" y ATy Xy Ny &3 -
ZGZY‘“)/E T% X1 M §%—3@270‘17{77% §%+4GZYQ1YT1 77% §%792Y°‘17‘(T% ;7% §§) € +O[€]2]
SL2Portfolio

me1=  A[U_, RR_] := A[U, RR] = Module[{OE},
OE = Block[{$k = Rk, $p = Rk + 1},
M1,3,551@My 4,652@Times [ (x Warning: wrong unless $p=$k+1! =*)

ReplacePart[1 -» 0] @Expqu,,sk [, A151,2[QU[Y1]] /. QU - Times],
ReplacePart[2 -» 0] @Expqu,,sk [, A3,3,4[QU[az]] /. QU -» Times],
ReplacePart[1 - 0] @Expqu,, sk [€, Asus,6 [QU[Xs]] /. QU - Times]
1 /7. n->m, a»a1, £€-&1];

E[zty (t1+1t2) + a1 (a1 +a;), OE[2], OEM3]]];

tAi__,j_)k_ =
A[$U, $k] /. {(viT nla|&a-»Vvi, (Vit|T|y|a|x),»>vy, (vit|T|y]|a|x),>V};

SL2Portfolio
inf-1= thys1,2
SL2Portfolio
our = E[ (ag+az) ag + (ti+t2) ta, Yo+ Tayamn+Xa &1+ X2 €1,

1
1+E (-2ha1Tiyam+vhTiy1yani-2haix; &1+ ¥y hxi X £1) € +0[€]?]

SL2Portfolio
The Faddeev-Quesne formula:

SL2Portfolio

]3 e, [x_] :=eq,¢k[X]
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SL2Portfolio

hat;

mep=  R[QU, RR_] := R[QU, kk] = E[- » AXy Y1,

Ser‘ies[cxaﬁ"—“‘“’z'ﬁy“‘2 ("™ eq, i [By1X2] /. by >y (ea1-t1)), {e, 0, kk}]];
tRi ,; :=R[$U, k] /. {(v:t|T|yla|X),»Vvi, (vit|T|y|a]|x),>vs};
t_Ri_,j_ .= t_Ri_’j = tRi,j~Bj~tSj;

SL2Portfolio
In[«]:= {tRl)z, tRl,z}
SL2Portfolio
ha,ty ha;a 1 ha,t; ﬁXzY1
Outf«]J= {]E[f ,hXZyl,lJr 7_Yh3X%y% €+O[€]2],]E[ y - )
Y Y 4 Y T1
1
1+ (-4hara,Ti-4yn?aiTixay1 -4y h?a Tixpy1 - 32 ° X3 yi) e +0[e]?]}
4}(T%
SL2Portfolio

tC is the counterclockwise spinner; tC is its inverse.
SL2Portfolio
n= tCi i=E[0, 0, TH2e™ " +0g];
tC; :=E[0, 0, T2 e ™" +04];

SL2Portfolio
Inf«]:= BlOCk[{$k = 3}, {tC1, Ez}]
SL2Portfolio
1 1
our - {E[@, 8, \[T1 ~hay[Ty e+ —h?ai [Ty e?-— (h3 a}~/T: | €2+ 0[e)?],
2 6
1 ha h*aie? n3adel
]E[@, o, + 26+ 2 + 2 +O[6}4}}
VT, VT, 2+/T, 6Ty
SL2Portfolio

- Kink[QU, kk_] := Kink[QU, kk] = Block[{$k = R}, (tRmEz) ~By,z~tmy,z,1~By,3~tmy 3,1] 5
tKink; :=Kink[$U, $k] /. {(v:t|T|y|a|x),->vVi};
KInk[QU, kk_] := KInk[QU, kk] = Block[{$k = kk}, (ﬁmtcz) ~By,2~tmy 5,1 ~By,3~tmy3,] ;5
tKink; :=Kink[$U, $k] /. {(v:t|T|y|a|x), > vi}

Alternative Algorithms

SL2Portfolio

m1=  Aait,k_ [CU] := If[k =@, 1, Module[{eq, d, b, c, so},
eq = p@e§xcu.p@e7’l}’cu - p@edYCu.p@eC (tlew -2€aw) .p@ebxcu;
{so} = Solve[Thread[Flatten /@eq], {d, b, c}] /. Cel - @;
Series[e—ny—§x+n§t+ct+dy—Zeca+bx /. so, {€, 0, k}]]],

http://drorbn.net/AcademicPensieve/Talks/Matemale-1804/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Matemale-1804: SL2Portfolio.nb 2018-04-22 07:04:28

SL2Portfolio
The Trefoil
SL2Portfolio
Inf+]:= Block[{$k =1},
Z = tRy,5 tRe,> tR3,7 tC4 tKinkg tKinkg tKinkse;
DO[Z = Z~By,k~tmy, k1, {k, 2, 10}]; Z]

SL2Portfolio
Ty
out]+ J= IE[@, 0, —— +
1-T,+ T2
((-2hayTy-yhTi+2ha T3+2yhT3-3yhTi-2ha; Ti+2yhTi+2ha T3 -2y W2 Ty Xy ys -
2y R?Tixay1)€) / (1-3Ty+6T;-7T3+6T1-3T3+T5) +0[e]?]
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