Balloons and Hoops and their Universal Finite—Type Invariant,
BF Theory, and an Ultimate Alexander Invariant
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Scheme. o Balloons and hoops in R*, algebraic structure and
relations with 3D.
e An ansatz for a “homomorphic” invariant: computable,
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related to finite-type and to BF.
o Reduction to an “ultimate Alexander invariant”.

Tangle concatenations — 7 X ma.
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Thus we seek homomorphic invariants of %!
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Invariant #0. With II; denoting “hon- ‘ ‘
> \\/~ -

est w17, map v € ICbh(m,n) to the triple
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(IT1 (¥°), (u4), (x;)), where the meridian of
the balls u; normally generate II;, and the

“longtitudes” x; are some elements of II;.

« acts like %, tm acts by “merging” two
meridians/generators, hm acts by multi-

plying two longtitudes, and hta®™ acts by Not computable!
“conjugating a meridian by a longtitude”: ~ (Put nearly)
(I, (u, ...), (x,...) = (Ix(@)/(u = zaz" 1), (@, ...), (z,...))
Failure #0. Can we write the z’s as free words in the u’s?
If © = wv, compute x // hta®™:

x

z=uww = w=uv"v=uv""v=u"""v=u" “v=---

[Examples. I mean business!
. To = Rm[3, a] Rp[b, 2] Rp[1, 4]/
€p: . §=To//dm[2, 1, 1] // &m[4, B, B] //
dm[1, a, a] //am[3, a, a];
. EI{5}1 /. {w_IW:> (Deg[w] +1) ! w,
Eu M JLO w_CW > Deg[w] ! w}
ulcwWs[-[al, -2 [ab], -3 [aab] - 3 [abb],
+ . _4 [aaab] + 42 [aabb] - 60 [abab] - 4 [abbb],
Ioux’ Ul -5 [aaaab] + 110 [aaabb] - 180 [aabab] +
xT 110 [aabbb] - 180 [ababb] - 5 [abbbb]],
h[b] LS[2 (a}, 0, -24 (aab),
-60 (aaab) + 60 (aabb), -120 (aaaab) +
e 900 (aaabb) + 360 (aabab) - 120 (aabbb)] +
puw U h[a] LS[-2 (a) +2 (b), 9 (ab), 26 (aab) -
26 (abb), 60 (aaab) - 255 (aabb) + 60 (abbb),
119 (aaaab) - 1504 (aaabb) + 118 (aabab) +
1504 (aabbb) + 1386 (ababb) - 119 (abbbb)]]
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The Meta-Group-Action M. Let T be a set of “tail labels”
(“balloon colours”), and H a set of “head labels” (“hoop|
colours”). Let FL = FL(T) and FA = FA(T) be the (com-
pleted graded) free Lie and free associative algebras on gen-

yet not 1
e § injects u-Knots into L (likely u-tangles too).

ucC: jé ?
=
o maps v/w-tangles map to ,Cbh; the kernel con-

tains Reidemeister moves and the “overcrossings
commute” relation, and conjecturally, that’s all.

erators T' and let CW = CW(T) be the (completed graded)

vector space of cyclic words on T', so there’s tr : FA — CW.

Let M(T,H) := { (A= (% : \g)zen;w) : Ay € FL, w € CW}
(%
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Operations. Set (A1;wi) * (Ao;wo A1 U Xo;wy + wo) and

)= (

IAllowing punctures and cuts, § is onto. Teichner by Bergman
Operations | Connected * e 9
Punctures & Cuts | Sums. ) — OO
Meta-Group-Action.  K: K [ tmy:
Y (D (Y (Y ()
is a group, mo(X) is an
IAbelian group, and my V v
T ORORORO
“‘A\"'[GAV/‘
K [/ hm%Y: K /| hta®*:

e lolelele
for “apply an

operator” and for

“composition left

to right”)

IProperties.

o Associativities: m2® J/ m2 = mbe J m2, for m = tm, hm.

e Action axiom t: tmy // hta®™ = hta®™ )| hta™ || tmk?,
e Action axiom h: hmi” || hta*® = hta® || hta¥" || hm3".

with 1 = (\;w) define

tmy = pff (w0 = w),

hmZY : p— ((,

“stable apply”

=~
hta®™ :pes p ) (w2 (@) [ (@ ) + (05 Ju(Aa))

~
the “J-spice”

L —

T A, Y Ay, ..., 2 bch(Ag, Ay)

w)CCa=
A CC) example.

( 'Y%;Y\y

e SD Product: dm@ := hta’® J tm& ) hm@ is associative.
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[The Meta-Cocycle J. Set Jy(A) := J(1) where
J0)=0, A =\[JCCPH,

dJ(s)
ds

and where divy A := tr(uoy(N)), 0u(v) := Sy, ou([A1, A2]) :=
L(A1)oyu(A2) — t(A2)oy (A1) and ¢ is the inclusion FL < FA:

a4

Claim. CCbCh Andz) CM//CC&//C’C

Tu(bch(Ar, o)) = Ju (A1) J CCMIOC 4 g, (A ) CCN),
and hence tm, hm, and hta form a meta-group-action.

= (J(s) J/ der(u — [As,u])) + divy As,

and

with central R and with [u, v] = ¢,v — ¢yu for u,v € T. Then|

The [ quotient, 2. Let R = Q[{cu}uer] and Lg := R ® T|

FL — Lg and CW — R. Under this,

— (\jw) with A = Z AU, Ayz,w € R,
reH, ueT
Cy + Cy e —1 e, € —1
bch(u,v)—>ecu+cv_1< o u+te - v,

if A\ =>" A\yv then with ¢y := > Ay,

-1
1 o
e*ru — cu

div, A = cy Ay, and the ODE for J integrates to
Ju(\) = log (1 + £

o ( is formula-computable to all orders! Can we simplify?

Cx __
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Z)\v,

ujCCp = (1 + Cudu
vFu
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Cx __
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Why ODEs? Q. Find fs.t. f(z+y) = f(z)f(y).
A T — dipsye) = Lf(s)f(e) = f(s)C.

Now solve this ODE using Picard’s theorem or

N
Alekseev Torossia

@iRepackaging.

Given ((x :
place Ayz — Quz 1= Cyduz
Jand write o, as a matrix. Get

Auz);w), set cg = Y . CuAyz, T
=1 and w — logw, use t, = e
‘B calculus”.

ower series.
The Invariant . Set ((p*) = (duy;0). This at least defines
an invariant of u/v/w-tangles, and if the topologists will de-
liver a “Reidemeister” theorem, it is well defined on K"

¢ bgjlﬁ@w‘“;o) \;/(LQI%@:— 0)

(Theorem. ( is (the log of) a universal finite type invariant (al
homomorphic expansion) of w-tangles.

Let g be a finite dimensional Lig
FL(T) — Fun(®rg — 9)
Together, 7 : M(T,H) —

(Tensorial Interpretation.
algebra (any!). Then there’s 7 :
and 7 : CW(T) — Fun(®rg).
Fun(®rg — ©gg), and hence

e : M(T,H) — Fun(®rg — U (g)).
( and BE Theory. Let A denote a g-connection
on S* with curvature Fyu, and B a g*-valued 2-
form on S%. For a hoop 7, let hol, (4) € U(g)
be the holonomy of A along ~,. For a ball v,, let
O, (B) € g* be the integral of B (transported via
A to 00) on .

Loose Conjecture. For v € K(T, H),

/ DADBe/ BAFAHe o ®hol e (C(H)).

That is, ( is a complete evaluatlon of the BF TQFT.
[ssues. How exactly is B transported via A to co? How does
the ribbon condition arise? Or if it doesn’t, could it be that
C can be generalized??

The 8 quotient, 1.
Lie algebra.

e Arises when reducing by relations satisfied by the weight
system of the Alexander polynomial.

Cattaneo

e Arises when g is the 2D non-Abelian|

Ca
"God created the knots, all else in
topology is the work of mortals."
Leopold Kronecker (modified)

ey %\'polynomial.

5 Calculus. Let S(H,T) be

w | x Y w and the ay,’s are
U | OQug  Oyy rational functions in
U Qg Oy variables t,, one for [’
eachu eT. e bR,
w w1 | Hl w2 | H2
T . Ti[ar T a
uv w | o+ ,8 H H
My, @ g wiwz 1 2
g Ty 0
wlx vy w z
hmﬁy | = | )
‘ a B v ‘ atpf+{(@)p v
w | x wE | T
hta®t u |l o /8 — U a(1+<’y>/€) /6(1+<'7>/6) ,
v 4 ' /e 5 —B/e
where € := 1+ a, (@) 1=}, aw, and (7) := >_,,, Vv, and let
1 T 1 T
+ . . - .
Ruz = w | by — 1 ur T u t; -1

On long knots, w is the Alexander polynomiall

(Why bother? (1) An ultimate Alexander invariant: Man-
ifestly polynomial (time and size) extension of the (multi-
variable) Alexander polynomial to tangles. Every step of
the computation is the computation of the invariant of some
topological thing (no fishy Gaussian elimination!). If therd
should be an Alexander invariant to have an algebraic cate-
gorification, it is this one! See also weBfregina, weB/gwul
\Why bother? (2) Related to A-T, K-V, and E-K, should|
have vast generalization beyond w-knots and the Alexander
See also wef/wkol, weffcaen, weBswiss)
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IAbstract. Balloons are two-dimensional spheres. Hoops are one
dimensional loops. Knotted Balloons and Hoops (KBH) in 4-spacq
behave much like the first and second fundamental groups of
topological space - hoops can be composed like in 77, balloons like
in 7o, and hoops “act” on balloons as m; acts on me. We will
observe that ordinary knots and tangles in 3-space map into KBH|
in 4-space and become amalgams of both balloons and hoops.

'We give an ansatz for a tree and wheel (that is, free-Lie and cyclid
word) -valued invariant Z of KBHs in terms of the said compo-
sitions and action and we explain its relationship with finite type
invariants. We speculate that Z is a complete evaluation of the
IBF topological quantum field theory in 4D, though we are not sure
what that means. We show that a certain “reduction and repack-
aging” of Z is an “ultimate Alexander invariant” that contains the
IAlexander polynomial (multivariable, if you wish), has extremely]
lgood composition properties, is evaluated in a topologically mean-
ingful way, and is least-wasteful in a computational sense. If you
believe in categorification, here’s a wonderful playground.
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